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Abstract 
The flow field generated by a sinusoidally flapping rigid flat plate was measured using stereo 
particle image velocimetry to estimate the pressure field on two cross sections of the flapping plate. 
The pressure field was estimated by integrating the three–dimensional Poisson equation derived 
from the Euler equation. The solution of this Poisson equation is obtained as a function of the 
measured phase-averaged velocity field. Simultaneous to PIV measurements, the torque on the 
flapping axis, which depicts the forces acting on the wing, was measured using strain gauges. The 
maximum torque coefficients, observed from both methods, of each cycle are delayed from the 
maximum acceleration of the plate at =0.25 and =0.75, with  being the relative phase angle. 
One of the factors of the phase delay is attributed to the separation of vortex structure along the 
edges of the plate. After the separation point the increase of pressure drag is delayed relative to the 
flapping motion, =0.35. At the same phase, vortex structure is generated on the leeward side of 
the plate at the free end. Low pressure region was observed on the leeward side of the plate which 
further adds to the pressure drag. 

Keywords: Flapping wing, Pressure estimation, Stereo PIV, Vortex-structure interaction, Wake-
capture 

Introduction  
The desire to understand the aerodynamics of insect flight has motivated the engineering of 
a micro-air vehicle (MAV) with flapping propulsion [1,2,3,4,5,6,7]. An MAV is defined as 
an autonomous flying vehicle with length, width and height less than 15 cm [8]. Its main 
function is as a platform for observations in close proximity or over an obstructed field of 
view of the operator. To match its source of motivation, an insect or a bird, the design of 
an MAV requires it to produce lift and thrust simultaneously, hover, and autonomously 
control its flight while efficiently interacting with nature to have stable flight. These design 
objectives require the innovation of flexible and lightweight materials, autonomous flight 
control by using sensors placed on the body of the MAV and minimal power consumption 
from on-board batteries. In this paper, the fluid physics of flapping flight will be discussed 
through a set of measurements to elucidate the generation of aerodynamic force of a 
flapping wing model. In the study of flapping wing aerodynamics, the flight behavior of 
insects has become the source of inspiration due to its relatively simpler wing kinematics 
than that of birds. The kinematics of the wings of an insect has been modeled in full or in 
reduced form. From a continuous motion of a wing that flaps at a constant frequency and  
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amplitude, each flapping cycle is decomposed into an upstroke and a downstroke motion. 
Each stroke can be decomposed further into the translation phase, where the flapping wing 
is moving forward, and the reversal phase, where the wing rotates supinely or pronately 
then moves in the reverse direction to complete a full stroke. The reversal phase is 
particularly interesting because at this phase the wing has little forward velocity. With little 
forward velocity, the generation of force on the wing is explained through wing–rotation 
and wake–capture mechanism [3]. 

The generation of force during wing–rotation is due to the production of circulation to 
fulfill the Kutta condition on the trailing edge of the wing: A phenomena called Wagner 
effect or rotational forces [9]. After the rotation of the wing, the wing accelerates and 
encounters the wake generated from the previous stroke. Vorticity in the wake induces the 
fluid at rest to flow and collide with the wing. This flow has been called inter–vortex 
stream. The impingement of the flow by the flapping plate contribute significantly to the 
increase of force acting on the wing, whether the wing is accelerated or not. Flow 
visualization studies have also revealed that the shed wake and its interaction with the wing 
[3, 9, 10]. 

The source of aerodynamic force is the pressure difference on each surface of a body. 
The evaluation of pressure difference requires the information from the pressure field, 
which is difficult to measure at various points simultaneously. The methods for force 
prediction by PIV imaging were proposed, which substitutes the pressure term in the 
momentum equation with the integration of the Navier–Stokes equation [11], and through 
mathematical manipulations, which expresses the pressure term in the momentum equation 
solely by the velocity fields [12]. These methods approximate the force vector on a 
flapping wing or bluff body by integrating a control volume in the velocity field. 
Alternatively, the pressure field can be estimated by integrating the discrete formulation of 
the Poisson equation constructed from the phase-averaged velocity field [13, 14, 15]. With 
the estimated pressure field, the relation of pressure and vorticity can be observed. 

In this study, the wing was simplified as a flat plate and it was assumed to be rigid for 
the duration of the flapping motion. The flapping motion is sinusoidal about the chordwise 
axis. There is no rotation about the spanwise axis of the flapping plate, so that the force 
generation in the reversal phase is generated solely by wake–capture. Instantaneous 
velocity fields were measured using stereo particle image velocimetry (PIV) and for the 
analysis of unsteady motion, the instantaneous velocity fields were phase–averaged 
according to the flapping angle. This paper solely covers the evolution of the vorticity field 
and its effect to the pressure distribution about the reversal phase. The calculation of force 
based on the integration of the pressure distribution is discussed in [14] and [15]. 

Measurement Setup and Parameters 
The measurement setup and parameters were similar to those in [14] and described in 
detail in [15]. The wing was modeled with a plate made of acrylic that was 40 mm in span 
length, b, and 20 mm in chord length, c. The thickness of the plate was 2 mm and during 
the calibration process of the flapping actuators, the plate maintained its rigidity on every 
flapping phase. The flapping kinematics was simplified as a single axis under sinusoidal 
motion, 
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Figure 1. (a) measurement setup and parameters (b) locations of the laser sheet relative to 
the flapping plate at rest (c) the locations of the flapping plate relative to a laser sheet, this 
view orientation will be used to explain the result in succeeding sections of this paper 

                                                   (1) 
                                                (2) 
                                                (3) 

where θ is the flapping angle and Θ = max(θ) = 18º, f is the flapping frequency in Hz, r is 
along the span of the plate, and x, y are the location of the plate in Cartesian form. The 
measurement parameters and orientation of x, y, and z are given in Figure 1(a). The term 
windward surface represents the surface of the plate facing the flow and leeward surface 
the opposite side. The flapping phase is defined as 0 ≤ < 1, where = 1 indicates one  
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Figure 2. Stereo PIV arrangement 

 

 

Figure 3. Arrangement of the flapping actuator and of torque measurement using strain 
gauges 

flapping cycle or when θ(t) completes one period. The flapping phase was discretized into 
20 discrete phases represented by  = 0, 0.05, 0.10, · · · , 0.95. The flow Reynolds number 
is, 

 

                                                         (4) 

where U = max( b) is the maximum velocity of the plate, bΘ is the flapping amplitude, 
and ν is the dynamic viscosity of water. The flow was measured with stereo PIV at f = 2 Hz,  
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Figure 4. Definition of the mesh for the estimation of pressure from phase-averaged 
velocity field measured using PIV. The plate is . The mesh is defined for each  

which gives Re = 3160. This Reynolds number was selected because it is in the flight 
operational range of insects. 

The stereo PIV measurement setup is shown in Figure 2 and the flapping system and 
torque measurement system arrangement is shown in Figure 3. The stereo PIV 
measurement was conducted with two Redlake Megaplus ES1.0 camera with 1018 × 1008 
pixel sensor area. The measurement was conducted for the 3c × 2c area around the plate. 
The plate was submerged 5c under the surface of water in a transparent tank. The walls of 
the tank were approximately 7c away from every direction of the plate. The location of the 
flapping plate relative to walls of the tank and free surface in this setup is sufficient to 
approximate an infinite volume [3]. 

A clockwise/counter–clockwise stepper motor directly drove the flapping plate. The 
motor axis was joined to the flapping axis with a jaw coupler to reduce vibrations. One of 
the ends of the plate was fixed to the flapping axis and the other end was free. These 
components were constructed on a movable frame for measuring the flow on different 
sections of the plate. A laser sheet was produced from the Nd:YaG Solo II laser system. Its 
laser beam was passed through a plano-concave lens to illuminate a planar layer of the 
flow, parallel to the xz-plane. Three layers were measured to approximate all elements of 
the deformation tensor. These layers were set 2 mm apart at y = −8, −10, and −12 mm and 
at y = −2, 0, and 2 mm (cf. Figure 1(b)). Additionally, the work of [16] was used to 
visualize the vortex structure, quantitatively, through the stereo PIV measurement on three 
planar layers at z = 0, 5, and 10 mm parallel to the xy-plane around the free end of the 
flapping plate. Three velocity components of each layer were reconstructed using a third-
order polynomial and calibration data [17]. The location of the flapping plate relative to a 
laser sheet is shown in Figure 1(c). 
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Figure 5. The cross section of the flow generated by a flapping plate at  for 
. The cross section of the plate is depicted as the black square. (a) Phase-averaged 

velocity field; vectors indicate ,  and the color indicates . (b) Vorticity 

in the y-direction, color indicates  

 

Figure 6. Symmetry examination of the vortex flow on the spanwise plane, , 
analyzed with the normalized circulation of either side of the centerline,  

This view orientation will be used to present the important results in this paper. 
Two strain gauges RA and RB were attached diametrically opposite of each other on the 

surface of the flapping axis (cf. Figure 3). Changes in torsion load cause the changes of 
resistance, ∆RA and ∆RB for RA and RB, respectively. These changes were registered by the 
voltage VG as,  

 

                                                                  (5) 
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Figure 7. Estimation of the pressure field generated by a flapping rigid plate (black line) on 
the spanwise plane at  and  

 

Figure 8. Phase-averaged torque generated by the flapping plate measured on the flapping 
axis for Re=3160. Markers by “+” indicate unfiltered data and solid lines indicate data 

filtered with moving average 

where R is the resistance of the bridge and VS is the input voltage. The strain gauges were 
submerged in water and a rubber coating was painted on them to make them water proof 
[18]. With the wing removed, the registered signal exhibits high frequency and very low 
amplitude signal, which is considered as measurement noise. Torque measurements were 
done simultaneously with stereo PIV measurements. 
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Figure 9. The control surface, “pqrs” to calculate torque from pressure estimates. pq = 2 

mm and ps = 2 mm. The coordinate system ξ, η is defined on the surface of the plate 

Pressure Estimation 
The estimation of the pressure force acting on the plate surface was conducted in the same 
way as is given in [15]. The pressure field was approximately obtained by solving the 
three–dimensional Poisson equation formulated using the phase–averaged velocity field. 
The phase–averaged velocity field, , was calculated from N = 500 set of instantaneous 

velocity fields, , for each , measured using stereo PIV: 
 

                                          (6) 

 
The deformation tensor, including the out-of-plane deformations, was calculated using 

the second-order finite difference approximation. To calculate the out-of-plane 
deformation, the stereo PIV’s measurement planes were shifted by 2 mm in the normal 
direction of the measurement plane. The pressure was solved on selected nodes on the 
stereo-PIV velocity field indicated by the red dots in Figure 4. The cross-section of the 
flapping plate and the measurement plane is shown as the black square from −0.5 ≤ z/c ≤ 
0.5. 

The phase-averaged velocity field is, , and the fluctuating velocity, 

, where . After applying the continuity condition, the phase–
averaged Poisson equation is 

 
 

       (7) 
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Figure 10. (a) approximation of the pressure difference on the surface of the plate (b) 
sectional force coefficient in the x-direction, , an approximation of the sectional force 

coefficient on the surface of the plate

and in this study Equation (7) was solved using the Gauss-Seidel iterative method. On the 
perimeter of the mesh and around the flapping plate, shown as blue dots in Figure 4, the 
Neumann boundary condition (pressure gradient) was applied to Equation (7); the pressure 
gradient was calculated using the Euler equation from the phase-averaged velocity field. 
Because the grid is in x, y, z coordinate, the boundary conditions are, 
 
 

        (8) 

         (9) 

        (10) 

 
The derivatives were approximated by second-order finite difference scheme. Convergent 
result was defined when the rate of the residual reached 0.01 of its initial value. 

The random error or the uncertainty of the measured velocity field is represented by the 
standard deviation of the velocity, . Using the estimate of , . 
Where, n is the number of sample and 〈𝑢𝑢𝑖𝑖〉 is the sample mean of 𝑢𝑢𝑖𝑖. The precision of the 
measurement is  [19]. The average precision limits of each velocity component 
evaluated for the confidence interval α = 95% are Pu = 0.03U , Pv = 0.03U , and Pw = 
0.05U . 

The uncertainties of the velocity components are propagated through the integration of 
Equation (7). The uncertainty of is, 
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(a) 

    
(b) 

Figure 11. Vorticity, , generated by a flapping plate (square) on the xz cross-

section at (a)  and (b)  for , , , and  from 
left to right

            (11) 

 

The average uncertainty of the pressure is  or 0.54 of the reference 

pressure, , although the properness of the approximated pressure field strongly 
depends on the nature of the flow field. 

Results 

Phase–Averaged Velocity Field 
A representation of the flow field generated by a flapping plate is shown by the phase–
averaged velocity vectors at  = 0.60 in Figure 5(a). The flapping plate is illustrated by the 
black square, velocity vectors represent , , and the color represents Uv . 

The cross section at  = −0.5 was selected. At  = 0.60, the plate is moving to the 
positive x-direction; rotational parts of the flow can be observed on the edges of the plate. 
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On the leeward surface of the plate, is toward the free end of the plate and  
are toward the plate. On the windward surface the plate pushed the bulk of fluid away. 

The distribution of vorticity in the y-direction of Figure 5(a) is given in Figure 5(b). A 
pair of counter–rotating vortices is observed on the edges of the plate as evident by the 
rotational flow in Figure 5(a). This pair is part of one continuous three-dimensional 
vortical structure on the edges of the plate. It is generated and dragged with the plate along 
during the flapping motion. 

Flow Symmetry 

Symmetry of the vortex flow over the centerline, , is observed throughout the 
flapping phase in Fig. 6. The normalized circulation on the plane at  is given by 

 for  and the vertical bars are the precision errors of Γ. 

From this figure, the flow can be considered symmetrical. Although the averaged values of 
|Γ| shows a deviation from symmetry, most notably at  = 0.30 and  = 0.85, they are 
considered to be within the precision error. 

The local maxima of |Γ| are at  = 0.05 and  = 0.55, delayed after the mid–stroke of 
the flapping motion. And the local minima are at  = 0.30 and  = 0.85, because of the 
existence of a new pair of vortices with opposing strength on the surface of the plate, 
which will be discussed in the next section. 

Estimated Pressure 
The estimation of pressure of the velocity field in Figure 5(a) is shown in the form of 
pressure coefficient, , in Figure 7. The cross section of the flapping plate 
with the measurement plane is shown as the black line moving in the positive x-direction. 
The pressure field in Figure 7 is not to be mistaken to be a snapshot of the evolution of the 
wake generated behind the flapping plate. This is because Equation (7) is independent of 
time as the right hand side consists of only the spatial derivatives of the velocity field. 

The pressure distribution in Figure 7 shows a large stagnation area on the windward 
surface and a smaller one on the leeward surface of the plate. The smaller stagnation area is 
in between two lower pressure regions, associated with the presence of vorticity as shown 
in Figure 5(b). 

Discussion 
The forces generated by the flapping wing were evaluated as the torque acting on the 
flapping axis shown in Figure 8. Two methods were used to estimate such torque: 
measurement using strain gauges and the integration of the pressure distribution on the 
surface of the plate evaluated from PIV velocity fields. The latter, “pressure” method,

 ,is evaluated on a smaller portion of the plate compared to the former, “gauge”, method, 
: 2mm × 12.5mm along the chord and radial direction relative to the surface of the plate 

compared to 20mm × 40mm full area of the plate. The calculation of torque from pressure 
estimates is illustrated in Figure 9 and formulated in Equation 12, where the coordinates ξ 
and η are defined on the surface of the plate. 

                                           (12) 
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(a) 

    
(b) 

    
(c) 

Figure 12. (a) the vortex structure for the chordwise cross-section at  and the 
vorticity in z-direction at (b)  and (c)  for , , , and 

 from left to right. The vortex structure is highlighted by the method described Hunt 
et al. [20], which ranges from .  The vorticity strength ranges from 

 [16] 

The phase–averaged torque in Figure 8 is filtered using a moving average filter (line) and 
the unfiltered data is given by “+” markers. Figure 8 shows the maximum torque coefficients 
at ≈0.35 and ≈0.85. In other words, the increase of torque coefficients occurs after the 
start of every reverse stroke, where in this study, after the maximum acceleration of the plate. 
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Despite the difference between the two methods, they are qualitatively similar; maximum 
torque is produced at a delayed phase relative to the acceleration of the plate. 

It is not possible to estimate the pressure distribution on the surface of the plate because 
the plate is not oriented normally to the cross-section. Instead, the pressure difference is 
approximated at points along  closest to each surface of the plate. Figure 10(a) illustrates 
the location of those points. The sectional force coefficients in the x-direction,  is 
approximated, 

                                                     (13) 

where ∆y = 2 mm and ∆z = 1.25 mm. In Figure 10(b),  on  shows the 

maximum pressure difference occurring at  = 0.25 and decreases in the succeeding phase 
angles. While  on , increases from  = 0.20 to a maximum at  = 0.35, the 
magnitude of the maximum  on is approximately 300% of that on . 
The phase delay is more prominent on the outer span than on the inner span of the flapping 
plate. The source of the phase delay can be observed from the distribution of vorticity in 
Figure 11. 

The vorticity distribution, ωy, in Figure 11 is shown for the cross section at (a)  
and (b) . The local position of the plate is illustrated as the black square in Figure 
11(a) and as the empty square in Figure 11(b). The latter is to illustrate the projection of the 
plate to the measurement plane. The vorticity distribution in Figure 11(a) at  = 0.20 shows 
the interaction of a vortex pair created during the previous flapping stroke with the leeward 
surface of the plate causing the formation, on the surface, of secondary vortex pair with 
opposite strength to that of the primary one. The vorticity distributions in the succeeding 
phases show the reversal of the motion of the flapping plate starting from  = 0.25. Both 
primary and secondary vortex pairs are diffused outward of the plate with the primary one 
decaying. The interaction between the vortices and plate on the cross section at  
gives a pressure difference response that is in the same phase with the flapping motion. 

The vortex pair in Figure 11(b), with the extension of the vortex pair of Figure 11(a) to 
the xz-plane at , is located farther from the plate due to the separation point located 
on the spanwise of the plate [2, 16]. Judging from the shape of the vortex pair, its interaction 
with the plate occurs at  = 0.35. This separation of the vortex pair from the surface of the 
plate at  is an essential point to the phase delay observed in Figure 8. 

 The delay of vortex–structure interaction along the span is best observed in Figure 12(a), 
where the vortical structure on the cross section parallel to xy-plane at  is highlighted 
by calculating the second invariance of the deformation tensor, 

, with i, j = 1,2,3. A vortex is positively 

identified when [20]. In this figure, best describes the vortex structure because 

the vortex line is parallel to the cross-section. The vortical structure at  = 0.20 shows a 
separation point at approximately 0.25c behind the free end of the flapping plate. The reverse 
flapping motion starts at  = 0.25 and the interaction of the vortical structure with the 
flapping plate starts from the inner span section of the plate moving closer to the free end 
with succeeding phases, as shown by the distribution of the strength of . At  = 0.35, a 
vortical structure attached to the free end is produced on the leeward surface of the plate. 
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The vorticity in the z-direction is given in Figure 12(b)–(c) for the cross-section at 
 and , respectively. In Figure 12(b), positive  dominates on the surface 

of the plate. At  = 0.30 − 0.35, is observed on the free end of the plate. In Figure 12(c), 

two vortices are observed at  = 0.25. One attached to the free end of the plate and the other 
separated from the surface of the plate. On the succeeding phase angles, with the interaction 
of the vortical structure in Figure 12(a) with the plate, the separated vortex moves closer 
relative to the plate. The vortex attached to the free end grows and envelopes the leeward 
side of the free end at  = 0.35. In addition to stagnation on the windward surface, the 
vortex attached at the free end of the plate as observed in Figure 12(b)–(c) at  = 0.35 may 
contribute to the increase of pressure difference by creating a suction zone on the leeward 
surface of the plate. 

Conclusions 
The present paper discussed on the experimental method to evaluate the pressure force 
acting on a flapping rigid plate by using velocity data measured by a stereo PIV. The 
measurement of velocity field and phase–averaged analysis showed the evolution of the 
phase–averaged vortical structures during a flapping cycle. The integration of the Poisson 
equation from a measured velocity field reasonably approximated the pressure field on the 
spanwise sections of the plate in a single-axis sinusoidal flapping. The relation of the torque 
of the flapping axis with vorticity was investigated through several slices of the vorticity and 
pressure distribution. 

On the onset of the reversal of the flapping motion, vortex structures impinge on the 
plate at , which produces a secondary vortex structure on the surface of the plate 
with opposite rotation. The response of pressure difference at  is in the same phase 
with the flapping motion. The impingement of the flow by the plate diffuses the vortex 
structure around the edges of the plate. 

Vorticity distribution near the free end of the plate, approximated at the cross-section 
, shows that the flow impingement occurs at  = 0.35, phase delayed relative to the 

flapping motion. The delay is caused by the separation of the vortex structure on the edge of 
the plate before its free end. At  = 0.35, the impingement of vortex structure produces 
stagnation area on the windward surface. The significant increase of pressure difference at 
this cross-section may also be attributed to the growth of the vortex structure attached to the 
free end, which produces a suction area on the leeward side of the plate. 

The mechanism that generates pressure force on the plate was well correlated with the 
generation of the vortex motion. The present methodology may be extended to the analysis 
of fluid-structure interaction in more complex situation including that of flexible structure. 
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