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Abstract 
 
Serial elastic actuators have gained significant attention in robotics research due to their 
ability to meet safety requirements in physical interactions between humans and robots. 
However, one problem of series elastic actuator is the oscillation of the robot due to the 
flexibility of the robotic joints leading to a decline in the accuracy of the robot’s position 
control. In this paper, a dynamic surface control algorithm based on the backstepping 
technique for the position control of serial elastic actuator robot is proposed to overcome 
the oscillation problem. In addition, the proposed control algorithm has been proved to be 
stable and robust. The simulation results clearly demonstrate the effectiveness of the 
proposed method. 
 
Keywords: Series elastic actuator, backstepping control, dynamic surface control, nonlinear 
system design. 
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1.0 INTRODUCTION
 
In recent years, motion control of elastic joint robot has 
attracted the attention of researchers. Series elasticity has been 
recognized as a crucial aspect for force control in robotics 
research [1]–[6], as well as for energy storage and release during 
activities such as running or hopping [7]–[9]. In this actuator, 
known as a Series Elastic Actuator (SEA) [10], there is an 
intentional spring in series with the transmission and the 
actuator output. While the spring somewhat reduces 
bandwidth, it can also help to reduce the output impedance of 
the actuator and act as a mechanical low-pass filter for shocks, 
particularly in force control applications. 

The series elastic actuator are increasingly largely applied and 
popular in industrial activities and for many related applications 
related humans such as requiring high precision, reteration and 
also human activities that cannot be participated in. In industrial 
applications, SEAs offer several key benefits, including the 
reduction of reflected inertia, greater tolerance to impact loads, 
passive mechanical energy storage, low mechanical output 
impedance, and increased peak power output [11]. In addition, 

in human robot interaction, the SEA system is used a lot in 
rehabilitation robots. SEA helps compensate for the foce when 
interacting with humans and is safe to use [12]. 

Various control algorithms have been introduced to control 
series elastic actuator robotic systems and achieve certain 
efficiency [13], [14]. Control algorithms are divided into two 
groups of solutions: linear control and nonlinear control. Among 
them, nonlinear control methods are more widely used in robot 
control, such as sliding mode cotrol [15], [16], backstepping 
control [17] for position control, adaptive Li-Slotine based 
backstepping control [18]; and passivity control [19], [20], 
demultiplexing control [21] for force/impedance control. For 
position control, sliding mode control and backstepping control 
are an effective control techniques and widely applied to various 
system including SEA robot. However, the controller contains 
the derivative elements that causes the “explosion of terms” 
problem. To overcome this, in this paper, a dynamic surface 
controller (DSC) based on backstepping technique is proposed. 
The controller is proven to ensure the stability and robustness 
of the system. Not only that, the proposed conroller also deals 
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with limited disadvantages such as “explosion of terms” that 
causes a high control input when the derivative changes rapidly 
of the conventional backstepping method. 

 
 
2.0 DYNAMICAL MODEL OF THE SEA 
 
For simplicity, in this paper, we have used a two – link SEA robot 
model as in Figure 1. The robot’s elastic mechanism is designed 
based on the elasticity of elastic tendons and springs, which is 
convenient for calculation and control. The results of the paper 
are fully extendable to N – joints robot. 

Figure 1. Robot system model of SEA 
 

Define 𝒒𝒒� = �
𝑞𝑞1
𝑞𝑞2� is the joint angle vector of the robot arm, 𝜽𝜽� =

�𝜃𝜃1𝜃𝜃2
� represents the vector of motor angles, the kinetic energy of 

the system is given by: 

 

𝐾𝐾𝐸𝐸 =
1
2
𝒒𝒒�̇𝑇𝑇𝑫𝑫𝒒𝒒�̇ +

1
2
𝜽𝜽�̇𝑇𝑇𝑱𝑱𝜽𝜽�̇ (1) 

 

where 𝑫𝑫 = 𝑫𝑫(𝒒𝒒�), 𝑱𝑱 = �𝐽𝐽1 0
0 𝐽𝐽2

� are the rotational inertias of the 

link and motor, respectively. 
The potential energy is comprised of both the spring potential 

energy and the gravitational potential energy: 
 

𝑃𝑃𝐸𝐸 = 𝑝𝑝(𝒒𝒒�) +
1
2

(𝒒𝒒� − 𝜽𝜽�)𝑇𝑇𝐾𝐾(𝒒𝒒� − 𝜽𝜽�) (2) 

 

where 𝑲𝑲 = �𝐾𝐾1 0
0 𝐾𝐾2

� is the spring stiffness, and the potential 

energy is calculated as 𝑝𝑝(𝒒𝒒�) = (𝑚𝑚1𝑙𝑙𝑐𝑐1 + 𝑚𝑚2𝑙𝑙1)𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑞𝑞1 +
𝑚𝑚2𝑙𝑙𝑐𝑐2sin (𝑞𝑞1 + 𝑞𝑞2). 

Forming the Lagrange function 𝐿𝐿 = 𝐾𝐾𝐸𝐸 − 𝑃𝑃𝐸𝐸, the equation of 
motion is found from the Euler – Lagrange equation as [22]: 

 

𝑫𝑫𝒒𝒒�̈ + 𝑪𝑪𝒒𝒒�̇ + 𝑮𝑮 = 𝑲𝑲(𝜽𝜽� − 𝒒𝒒�) (3) 
𝑱𝑱𝜽𝜽�̈ + 𝑲𝑲(𝜽𝜽� − 𝒒𝒒�) = 𝒖𝒖� 

 
where 𝑫𝑫 = 𝑫𝑫(𝒒𝒒�) is the link inertia matrix, 𝑪𝑪 = 𝑪𝑪�𝒒𝒒�,𝒒𝒒�̇� is 
Coriolis matrix, 𝑮𝑮 = 𝑮𝑮(𝒒𝒒�) represents the gravitational terms 
and 𝒖𝒖� = [𝑢𝑢1(𝑡𝑡)  𝑢𝑢2(𝑡𝑡)]𝑇𝑇 ∈ 𝑅𝑅2 is the vector of motor torques. 

𝑫𝑫(𝒒𝒒�) = �𝑚𝑚1𝑙𝑙𝑐𝑐12 + 𝑚𝑚2(𝑙𝑙12 + 𝑙𝑙𝑐𝑐22 + 2𝑎𝑎) 𝑚𝑚2(𝑙𝑙𝑐𝑐12 + 𝑎𝑎)
𝑚𝑚2(𝑙𝑙𝑐𝑐22 + 𝑎𝑎) 𝑚𝑚2𝑙𝑙𝑐𝑐22

� with 

𝑎𝑎 = 𝑙𝑙1𝑙𝑙𝑐𝑐2 cos𝑞𝑞2; 

𝑪𝑪�𝒒𝒒�,𝒒𝒒�̇� = � ℎ𝑞̇𝑞2 ℎ(𝑞̇𝑞1 + 𝑞̇𝑞1)
−ℎ𝑞̇𝑞1 0 � with ℎ = −𝑚𝑚2𝑙𝑙1𝑙𝑙𝑐𝑐2𝑠𝑠𝑠𝑠𝑠𝑠𝑞𝑞2; 

and 𝑮𝑮(𝒒𝒒�) = �
𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑔𝑞𝑞1(𝑚𝑚1𝑙𝑙𝑐𝑐1 + 𝑚𝑚2𝑙𝑙1 + 𝑚𝑚2𝑔𝑔𝑙𝑙𝑐𝑐2 cos(𝑞𝑞1 + 𝑞𝑞2))

𝑚𝑚2𝑔𝑔𝑙𝑙𝑐𝑐2 cos(𝑞𝑞1 + 𝑞𝑞2) �, 

where 𝑙𝑙𝑐𝑐𝑐𝑐 is the distance from the joint 𝑖𝑖 to the center of mass 
for link a, 𝑚𝑚𝑖𝑖 is the mass of link is, 𝑙𝑙𝑖𝑖 is the length of link 𝑖𝑖, 𝑖𝑖=1, 2. 

3.0 CONTROL DESIGN FOR SEA 

In this section, the dynamic surface control [23] based on 
backstepping technique (DSC-BC) is described. The design steps 
are similar to those of backstepping controller, but in order to 
avoid the need to take derivatives in the iteration steps for the 
virtual control signal, a low–pass filter has added to the system, 
both to obtain information about the medium derivative, and to 
filter out the high – frequency internal noise that occurs in the 
control objects. 

Supposing that the dynamic model contains uncertain 
parameters such as: 

 

�𝑫𝑫� + 𝑫𝑫��𝒒𝒒�̈ + �𝑪𝑪� + 𝑪𝑪��𝒒𝒒�̇ + �𝑮𝑮� + 𝑮𝑮�� = �𝑲𝑲� + 𝑲𝑲��(𝜽𝜽� − 𝒒𝒒�) (4) 
�𝑱𝑱� + 𝑱𝑱��𝜽𝜽�̈ + �𝑲𝑲� + 𝑲𝑲��(𝜽𝜽� − 𝒒𝒒�) = 𝒖𝒖� 

 
where 

𝑫𝑫 = 𝑫𝑫� + 𝑫𝑫�  is inertial matrix. 
𝑪𝑪 = 𝑪𝑪� + 𝑪𝑪� is Coriolis matrix. 
𝑮𝑮 = 𝑮𝑮� + 𝑮𝑮� is gravity matrix. 
𝑱𝑱 = 𝑱𝑱� + 𝑱𝑱� is the inertial matrix of driver motor. 
𝑲𝑲 = 𝑲𝑲� + 𝑲𝑲�  is spring stiffness matrix. 

In this uncertain model, 𝑫𝑫� ,𝑪𝑪�,𝑮𝑮� , 𝑱𝑱�,𝑲𝑲�  are the calculated 
parameters for the model design and 𝑫𝑫� ,𝑪𝑪�,𝑮𝑮�, 𝑱𝑱�,𝑲𝑲�  are the 
difference between the calculated model parameter and the 
actual parameter, or the uncertain components of the model 
parameters. 

The dynamic equation of SEA robot now becomes: 
 

𝑫𝑫�𝒒𝒒�̈ + 𝑪𝑪�𝒒𝒒�̇ + 𝑮𝑮� + Δ𝜺𝜺�𝑞𝑞 = 𝑲𝑲�(𝜽𝜽� − 𝒒𝒒�) (5) 
𝑱𝑱�𝜽𝜽�̈ + 𝑲𝑲�(𝜽𝜽� − 𝒒𝒒�) + Δ𝜺𝜺�𝜃𝜃 = 𝒖𝒖� 

 
where 
 

Δ𝜺𝜺�𝑞𝑞 = 𝑫𝑫�𝒒𝒒�̈ + 𝑪𝑪�𝒒𝒒�̇ + 𝑮𝑮� + 𝑲𝑲�(𝒒𝒒� − 𝜽𝜽�) (6) 
Δ𝜺𝜺�𝜃𝜃 = 𝑱𝑱�𝜽𝜽�̈ + 𝑲𝑲�(𝜽𝜽� − 𝒒𝒒�) 



87                                              Minh-Duc Duong & Thanh-Tung Tran. / ASEAN Engineering Journal 14:1 (2023) 85-92 
 

 

It is supposed that the uncertain parts are bounded, i.e., �Δ𝜺𝜺�𝑞𝑞� ≤
𝛿𝛿𝑞𝑞;  |Δ𝜺𝜺�𝜃𝜃| ≤ 𝛿𝛿𝜃𝜃 with 𝛿𝛿𝑞𝑞 and 𝛿𝛿𝜃𝜃 are finite values. 

Define state variables 𝒙𝒙�𝟏𝟏 = 𝒒𝒒�,𝒙𝒙�𝟐𝟐 = 𝒒𝒒�̇,𝒙𝒙�𝟑𝟑 = 𝜽𝜽�,𝒙𝒙�𝟒𝟒 = 𝜽𝜽�̇, then 
the system model can be written as 

 

𝒙𝒙�̇𝟏𝟏 = 𝒙𝒙�𝟐𝟐
𝒙𝒙�̇𝟐𝟐 = −𝑫𝑫�−1 �𝑪𝑪�𝒙𝒙�𝟐𝟐 + 𝑮𝑮� + Δ𝜺𝜺�𝑞𝑞 + 𝑲𝑲�(𝒙𝒙�𝟏𝟏 − 𝒙𝒙�𝟑𝟑)�

𝒙𝒙�̇𝟑𝟑 = 𝒙𝒙�𝟒𝟒
𝒙𝒙�̇𝟒𝟒 = 𝑱𝑱�−1�𝒖𝒖� − 𝑲𝑲�(𝒙𝒙�𝟑𝟑 − 𝒙𝒙�𝟏𝟏) − Δ𝜺𝜺�𝜃𝜃�

 (7) 

 
The steps to design DSC based on backstepping technique are 

as follows: 
Step 1: Define 𝒆𝒆�1 = 𝒙𝒙�𝟏𝟏𝟏𝟏 − 𝒙𝒙�𝟏𝟏, with 𝒙𝒙�𝟏𝟏𝟏𝟏 is the reference joint 

angle signal. Then, 
 

𝒆𝒆�̇𝟏𝟏 = 𝒙𝒙�̇𝟏𝟏𝟏𝟏 − 𝒙𝒙�̇𝟏𝟏 = 𝒙𝒙�̇𝟏𝟏𝟏𝟏 − 𝒙𝒙�𝟐𝟐 
 
Choose a Lyapunov candidate function as 
 

𝑉𝑉1 =
1
2 𝒆𝒆
�𝟏𝟏𝑻𝑻𝒆𝒆�𝟏𝟏 (8) 

 
Then, 
 

𝑉̇𝑉1 = 𝒆𝒆�𝟏𝟏𝑻𝑻𝒆𝒆�̇𝟏𝟏 = 𝒆𝒆�𝟏𝟏�𝒙𝒙�̇𝟏𝟏𝟏𝟏 − 𝒙𝒙�𝟐𝟐� 
 
Choose virtual control 𝐹𝐹�1 as 
 

𝒙𝒙�𝟐𝟐 = 𝐹𝐹�1 = 𝒙𝒙�̇𝟏𝟏𝟏𝟏 + 𝑐𝑐1𝒆𝒆�𝟏𝟏 (9) 
 
Then 
 

 
Step 2: To overcome the “explosion of term” problem, a low 
pass filter is used. Reference [24] also discusses the uses of a 
low pass filter to smooth the signal produced by the above 
equation. However, this design technique, we will leave the 
function 𝐹𝐹1 in the form of a low-pass filter 𝐹𝐹�1 with time constant 
𝜏𝜏1: 
 

 

Define an error: 

 
Δ𝑭𝑭1 = 𝑭𝑭1 − 𝑭𝑭�1 (12) 

 
In addition, define: 
 

𝛾̅𝛾1 =
𝑑𝑑
𝑑𝑑𝑑𝑑 �−𝑐𝑐1𝒆𝒆

�𝟏𝟏 − 𝒙𝒙�̇𝟏𝟏𝟏𝟏� (13) 

 

Assuming 𝛾̅𝛾1is bounded by 𝑀𝑀1, i.e., 𝛾̅𝛾1 ≤ 𝑀𝑀1 with 𝑀𝑀1 > 0, 
then Δ𝑭̇𝑭1 is written as: 

Δ𝑭̇𝑭1 = −
Δ𝑭𝑭1
𝜏𝜏1

+ 𝛾̅𝛾1 (14) 

 
Choose a Lyapunov candidate function 𝑉𝑉𝐹𝐹1 = 1

2
Δ𝑭𝑭1𝑇𝑇Δ𝑭𝑭1, then: 

 

𝑉̇𝑉𝐹𝐹1 = Δ𝑭𝑭1𝑇𝑇Δ𝑭̇𝑭1 = Δ𝑭𝑭1𝑇𝑇 �−
𝛥𝛥𝑭𝑭1
𝜏𝜏1

+ 𝛾𝛾1� = −
𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1

𝜏𝜏1
+ Δ𝑭𝑭1𝛾̅𝛾1 

 

𝑉̇𝑉𝐹𝐹1 = −
𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1

𝜏𝜏1
−

1
2 �
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1�
𝑇𝑇

�
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1�

+
𝛾̅𝛾1𝑇𝑇𝛾̅𝛾1𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1

2𝜎𝜎1
+
𝜎𝜎1
2  

 
Since 𝛾𝛾1 ≤ 𝑀𝑀1,𝑀𝑀1 > 0, then 
 

𝑉̇𝑉𝐹𝐹1 ≤ −
𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1

𝜏𝜏1
−

1
2 �
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1�
𝑇𝑇

�
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1� +
𝑀𝑀1
2𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1

2𝜎𝜎1
+
𝜎𝜎1
2  

         = −𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1 �
1
𝜏𝜏1
−
𝑀𝑀1
2

2𝜎𝜎1
�

−
1
2 �
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1�
𝑇𝑇

�
𝛾̅𝛾1𝛥𝛥𝑭𝑭1
√𝜎𝜎1

− �𝜎𝜎1� +
𝜎𝜎1
2  

(15) 

 
By choosing 𝜏𝜏1 such as 
 

1
𝜏𝜏1

=
𝑀𝑀1
2

2𝜎𝜎1
+ 𝑘𝑘𝐹𝐹1, 𝑘𝑘𝐹𝐹1 ≥ 0 (16) 

 
with 𝜎𝜎1 > 0 can be chosen as small as desired. One can obtain: 

 
Step 3: To realize 𝒙𝒙�𝟐𝟐 → 𝑭𝑭1, we define a new error: 
 

𝒆𝒆�𝟐𝟐 = 𝑭𝑭1 − 𝒙𝒙�𝟐𝟐 
 
Then  
 
𝒆𝒆�̇𝟐𝟐 = 𝑭̇𝑭1 − 𝒙𝒙�̇𝟐𝟐 = 𝑭̇𝑭1 + 𝑫𝑫�−1 �𝑪𝑪�𝒙𝒙�𝟐𝟐 + 𝑮𝑮� + Δ𝜺𝜺�𝑞𝑞 + 𝑲𝑲�(𝒙𝒙�𝟏𝟏 − 𝒙𝒙�𝟑𝟑)� 
 
Choose a Lyapunov candidate function as 
 

𝑉𝑉2 =
1
2 𝒆𝒆
�𝟐𝟐𝑻𝑻𝒆𝒆�𝟐𝟐 (18) 

 
Then 
 

𝑉̇𝑉2 = 𝒆𝒆�𝑻𝑻𝟐𝟐𝒆𝒆�̇ 𝟐𝟐 = 𝒆𝒆�2 �𝐹̇𝐹1

+ 𝐷𝐷�−1 �𝐶̂𝐶𝒙𝒙�𝟐𝟐 + 𝐺𝐺� + Δ𝜺𝜺�𝑞𝑞 + 𝐾𝐾�(𝒙𝒙�𝟏𝟏 − 𝒙𝒙�𝟑𝟑)�� 

𝑉̇𝑉1 = −𝑐𝑐1𝒆𝒆�𝟏𝟏𝑻𝑻𝒆𝒆�𝟏𝟏 = −𝑘𝑘1𝑉𝑉1 ≤ 0 (10) 

𝜏𝜏1𝑭̇𝑭1 + 𝑭𝑭1 = 𝑭𝑭�1
𝑭𝑭�1(0) = 𝑭𝑭1(0)

 (11) 

𝑉̇𝑉𝐹𝐹1 ≤ −𝑘𝑘𝐹𝐹1𝛥𝛥𝑭𝑭1𝑇𝑇Δ𝑭𝑭1 +
𝜎𝜎1
2 = −2𝑘𝑘𝐹𝐹1𝑉𝑉𝐹𝐹1 +

𝜎𝜎1
2  (17) 
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Choose a virtual control 𝑭𝑭�2 as 

𝒙𝒙�𝟑𝟑 = 𝑭𝑭�2 = 𝒙𝒙�𝟏𝟏 + 𝑲𝑲�−1�𝑫𝑫��𝑭̇𝑭1 + 𝑐𝑐2𝒆𝒆�𝟐𝟐� + 𝑪𝑪�𝒙𝒙�𝟐𝟐 + 𝑮𝑮�
+ 𝛿𝛿𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟐𝟐)� 

(19) 

 
Then we would have  
 

𝑉̇𝑉2 = −𝑐𝑐2𝒆𝒆�𝟐𝟐
𝑻𝑻𝒆𝒆�𝟐𝟐 + 𝑫𝑫�−1𝒆𝒆�𝟐𝟐𝛥𝛥𝜺𝜺�𝑞𝑞 − 𝐷𝐷�−1𝛿𝛿𝑞𝑞|𝒆𝒆�𝟐𝟐| 

 
Since |𝛥𝛥𝜺𝜺�𝑞𝑞| ≤ 𝛿𝛿𝑞𝑞 ⇒ 𝐷𝐷�−1𝒆𝒆�𝟐𝟐𝛥𝛥𝜺𝜺�𝑞𝑞 ≤ 𝐷𝐷�−1𝛿𝛿𝑞𝑞|𝒆𝒆�𝟐𝟐| , thus 
 

𝑉̇𝑉2 ≤ −𝑐𝑐2𝒆𝒆�𝟐𝟐
𝑻𝑻𝒆𝒆�𝟐𝟐 = −𝑘𝑘2𝑉𝑉2 ≤ 0 

 
Using (11), the virtual control 𝑭𝑭�2 can be calculated as 
 

Step 4: To overcome the “explosion of term” problem, a low 
pass filter with time constant 𝜏𝜏2 is used as follows: 

 

 
We define an error: 
 

Δ𝑭𝑭2 = 𝑭𝑭2 − 𝑭𝑭�2 (22) 
 
In addition, define: 
 

𝛾̅𝛾2 =
𝑑𝑑
𝑑𝑑𝑑𝑑 �−𝑲𝑲

�−1�𝑫𝑫��𝑭̇𝑭1 + 𝑐𝑐2𝒆𝒆�𝟐𝟐� + 𝑪𝑪�𝒙𝒙�𝟐𝟐 + 𝑮𝑮�

+ 𝛿𝛿𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟐𝟐)�𝒙𝒙�̇𝟏𝟏𝟏𝟏� 

(23) 

 
Assuming that 𝛾̅𝛾2 is bounded by 𝑀𝑀2, i.e., 𝛾̅𝛾2 ≤ 𝑀𝑀2,𝑀𝑀2 > 0, 

then Δ𝐹̇𝐹2 is written as: 
 

Δ𝑭̇𝑭2 = −
Δ𝑭𝑭2
𝜏𝜏2

+ 𝛾̅𝛾2 (24) 

 
And we choose a Lyapunov candidate function 𝑉𝑉𝐹𝐹2 = 1

2
Δ𝑭𝑭2𝑇𝑇Δ𝑭𝑭2. 

Similar to step 2, by choosing 𝜏𝜏2 such as 
 

1
𝜏𝜏2

=
𝑀𝑀2
2

2𝜎𝜎2
+ 𝑘𝑘𝐹𝐹2, 𝑘𝑘𝐹𝐹2 ≥ 0 (25) 

 
with 𝜎𝜎2 > 0 can be chosen as small as desired. Then we have 
 

 

Step 5: To realize 𝒙𝒙�𝟑𝟑 → 𝑭𝑭2, we get a new error: 

𝒆𝒆�𝟑𝟑 = 𝑭𝑭2 − 𝒙𝒙�𝟑𝟑 
 
Then 𝒆𝒆�̇𝟑𝟑 = 𝑭̇𝑭2 − 𝒙𝒙�̇𝟑𝟑 = 𝑭̇𝑭2 − 𝒙𝒙�𝟒𝟒, 
 
Select the Lyapunov function as 
 

𝑉𝑉3 =
1
2 𝒆𝒆
�𝟑𝟑𝑻𝑻𝒆𝒆�𝟑𝟑 (27) 

 
Then 
 

𝑉̇𝑉3 = 𝒆𝒆�𝟑𝟑𝒆𝒆�̇𝟑𝟑 = 𝒆𝒆�𝟑𝟑�𝑭̇𝑭2 − 𝒙𝒙�𝟒𝟒� 
 
Choose virtual control as: 
 

𝒙𝒙�𝟒𝟒 = 𝑭𝑭�3 = 𝑭̇𝑭2 + 𝑐𝑐3𝒆𝒆�𝟑𝟑 (28) 
 
 Then, 

 
Using (21), the virtual control 𝐹𝐹�3 can be calculated as 
 
 

𝒙𝒙�𝟒𝟒 = 𝑭𝑭�3 =
𝑭𝑭�2 − 𝑭𝑭2
𝜏𝜏2

+ 𝑐𝑐3𝒆𝒆�𝟑𝟑 (30) 

Thus, the derivative component is eliminated. 
Step 6: To overcome the “explosion of term” problem, a low 

pass filter with time constant 𝜏𝜏3 is used as follows: 
 
 𝜏𝜏3𝑭̇𝑭3 + 𝑭𝑭3 = 𝑭𝑭�3

𝑭𝑭�3(0) = 𝑭𝑭3(0)
 (31) 

We define an error: 
 

Δ𝑭𝑭3 = 𝑭𝑭3 − 𝑭𝑭�3 (32) 
 
In addition, define: 
 

𝛾̅𝛾3 =
𝑑𝑑
𝑑𝑑𝑑𝑑 �−𝑭̇𝑭2 − 𝑐𝑐3𝒆𝒆�𝟑𝟑� (33) 

 
Assuming that  𝛾̅𝛾3 is bounded by 𝑀𝑀3, i.e.,𝛾̅𝛾3 ≤ 𝑀𝑀3,𝑀𝑀3 > 0, 

then Δ𝑭̇𝑭3 is written as: 
 

Δ𝑭̇𝑭3 = −
Δ𝑭𝑭3
𝜏𝜏3

+ 𝛾̅𝛾3 (34) 

 
And we choose a Lyapunov candidate function 𝑉𝑉𝐹𝐹3 = 1

2
Δ𝑭𝑭3𝑇𝑇Δ𝑭𝑭3. 

Similar to step 2, by choosing 𝜏𝜏3 such as 
 

1
𝜏𝜏3

=
𝑀𝑀3
2

2𝜎𝜎3
+ 𝑘𝑘𝐹𝐹3, 𝑘𝑘𝐹𝐹3 ≥ 0 (35) 

with 𝜎𝜎3 > 0 can be chosen as small as desired. Then we have 
 

𝒙𝒙�𝟑𝟑 = 𝑭𝑭�2 = 𝒙𝒙�𝟏𝟏 + 𝑲𝑲�−1 �𝑫𝑫� �
𝑭𝑭�1 − 𝑭𝑭1
𝜏𝜏1

+ 𝑐𝑐2𝒆𝒆�𝟐𝟐� + 𝑪𝑪�𝒙𝒙�𝟐𝟐

+ 𝑮𝑮� + 𝛿𝛿𝑞𝑞𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟐𝟐)� 

 
Thus, the derivative component is eliminated. 

(20) 

𝜏𝜏2𝑭̇𝑭2 + 𝑭𝑭2 = 𝑭𝑭�2
𝑭𝑭�2(0) = 𝑭𝑭2(0)

 (21) 

𝑉̇𝑉𝐹𝐹2 ≤ −𝑘𝑘𝐹𝐹2𝛥𝛥𝑭𝑭2𝑇𝑇Δ𝑭𝑭2 +
𝜎𝜎2
2 = −2𝑘𝑘𝐹𝐹2𝑉𝑉𝐹𝐹1 +

𝜎𝜎2
2  (26) 

𝑉̇𝑉3 = −𝑐𝑐3𝒆𝒆�𝟑𝟑
𝑻𝑻𝒆𝒆�𝟑𝟑 = −𝑘𝑘3𝑉𝑉3 ≤ 0 (29) 

𝑉̇𝑉𝐹𝐹3 ≤ −𝑘𝑘𝐹𝐹3𝛥𝛥𝑭𝑭3𝑇𝑇Δ𝑭𝑭3 +
𝜎𝜎3
2 = −2𝑘𝑘𝐹𝐹3𝑉𝑉𝐹𝐹3 +

𝜎𝜎3
2  (36) 
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Step 7: To realize 𝒙𝒙�𝟒𝟒 → 𝑭𝑭3, we get a new error: 

 
𝒆𝒆�4 = 𝑭𝑭3 − 𝒙𝒙�𝟒𝟒 

 

Then, 𝒆𝒆�̇𝟒𝟒 = 𝑭̇𝑭3 − 𝒙𝒙�̇𝟒𝟒 = 𝑭̇𝑭3 − 𝑱𝑱�−1�𝒖𝒖� − 𝑲𝑲�(𝒙𝒙�𝟑𝟑 − 𝒙𝒙�𝟏𝟏) − Δ𝜺𝜺�𝜃𝜃� 

 
Choose a Lyapunov candidate function as 
 

𝑉𝑉4 =
1
2 𝒆𝒆
�𝟒𝟒
𝑻𝑻𝒆𝒆�𝟒𝟒 (37) 

 
Then 
 

𝑉̇𝑉4 = 𝒆𝒆�𝟒𝟒𝑻𝑻𝒆𝒆�̇𝟒𝟒 = 𝒆𝒆�𝟒𝟒 �𝑭̇𝑭3 − 𝐽𝐽−1�𝒖𝒖� − 𝑲𝑲�(𝒙𝒙�𝟑𝟑 − 𝒙𝒙�𝟏𝟏) − Δ𝜺𝜺�𝜃𝜃�� 

 
Choose the control law: 

𝒖𝒖� = 𝑱𝑱��𝑭̇𝑭3 + 𝑐𝑐4𝒆𝒆�𝟒𝟒� + 𝑲𝑲�(𝒙𝒙�𝟑𝟑 − 𝒙𝒙�𝟏𝟏) + 𝛿𝛿𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟒𝟒) (38) 

 
Then 
 

𝑉̇𝑉4 = 𝒆𝒆�𝟒𝟒 �−𝑐𝑐4𝒆𝒆�𝟒𝟒 − 𝐽𝐽−1(𝛿𝛿𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟒𝟒) − Δ𝜺𝜺�𝜃𝜃)�
= −𝑐𝑐4𝒆𝒆�𝟒𝟒

𝑻𝑻𝒆𝒆�𝟒𝟒 − 𝐽𝐽−1(𝛿𝛿𝜃𝜃|𝒆𝒆�𝟒𝟒| − 𝒆𝒆�𝟒𝟒Δ𝜺𝜺�𝜃𝜃) 

 
Since|Δ𝜺𝜺�𝜃𝜃| ≤ 𝛿𝛿𝜃𝜃 ⟹ 𝒆𝒆�𝟒𝟒Δ𝜺𝜺�𝜃𝜃 ≤ 𝛿𝛿𝜃𝜃|𝒆𝒆�𝟒𝟒|. Thus,  
 

 
Using (21), the control signal  𝒖𝒖� can be calculated as 
 

 

Thus, the derivative component is eliminated. 

Step 8: 

Choose the Lyapunov candidate function: 

 
𝑉𝑉 = 𝑉𝑉1 + 𝑉𝑉𝐹𝐹1 + 𝑉𝑉2 + 𝑉𝑉𝐹𝐹2 + 𝑉𝑉3 + 𝑉𝑉𝐹𝐹3 + 𝑉𝑉4 (41) 

 

Then 

 

𝑉̇𝑉 = 𝑉̇𝑉1 + 𝑉̇𝑉𝐹𝐹1 + 𝑉̇𝑉2 + 𝑉̇𝑉𝐹𝐹2 + 𝑉̇𝑉3 + 𝑉̇𝑉𝐹𝐹3 + 𝑉̇𝑉4 

 

According to (9), (16), (19), (26), (29), (36), and (39) one can 
obtain: 

𝑉̇𝑉 ≤ −𝑘𝑘1𝑉𝑉1 − 2𝑘𝑘𝐹𝐹1𝑉𝑉𝐹𝐹1 − 𝑘𝑘2𝑉𝑉2 − 𝑉𝑉𝐹𝐹2 − 𝑘𝑘3𝑉𝑉3 − 2𝑘𝑘𝐹𝐹3𝑉𝑉𝐹𝐹3
− 𝑘𝑘4𝑉𝑉4 +

𝜎𝜎1
2 +

𝜎𝜎2
2 +

𝜎𝜎3
2 ≤ −𝑘𝑘𝑘𝑘 + 𝜎𝜎 

 

where 𝑘𝑘 = min {𝑘𝑘1, 2𝑘𝑘𝐹𝐹1, 𝑘𝑘2, 2𝑘𝑘𝐹𝐹2, 𝑘𝑘3, 2𝑘𝑘𝐹𝐹3, 𝑘𝑘4} and  𝜎𝜎 =
𝜎𝜎1
2

+ 𝜎𝜎2
2

+ 𝜎𝜎3
2

. 

Since 𝑉̇𝑉 ≤ −𝑘𝑘𝑘𝑘 + 𝜎𝜎, it can be concluded that 𝑉𝑉, and therefore 
the tracking errors, will be confined to a ball of radius 𝜎𝜎 that can 
be made as small as desired. 

Based on the above proof, we can give the proposed control 
structure as in Figure 2. 

 
Figure 2. Controller structure of SEA 

 
 
4.0 SIMULATIONS 
 
In this paper, to validate the proposed control algorithm, 
simulation is done. The simulation parameters are chosen as in 
Table 1. 

Table 1. Model parameter of SEA 

Parameter Joint 
Joint 1 Joynt 

𝑲𝑲�
𝑁𝑁
𝑚𝑚
� 𝐾𝐾1 = 40 𝐾𝐾2 = 30 

𝑙𝑙 (𝑚𝑚) 𝑙𝑙1 = 0.25 𝑙𝑙2 = 0.25 
𝑙𝑙𝑐𝑐 (𝑚𝑚) 𝑙𝑙𝑐𝑐1 = 0.125 𝑙𝑙𝑐𝑐1 = 0.125 
𝑚𝑚 (𝑘𝑘𝑘𝑘) 𝑚𝑚1 = 2.35 𝑚𝑚2 = 1.53 

𝑱𝑱 �
𝑘𝑘𝑘𝑘
𝑚𝑚2� 𝐽𝐽1 = 0.0185 𝐽𝐽2 = 0.0185 

 
Suppose we control the robot running from the first position 

𝑞𝑞0 = [0 0] (rad) to move along the trajectory 2 − 1 − 2 to 
position 𝑞𝑞𝑐𝑐 = [2.4 2.6] (rad). After adjusting the parameters, 
we simulate and make the comparison between Dynamic 
surface control based on backstepping controller (DSC-BC) and 
conventional backstepping controller (BC). Two situations are 
considered. In the first case, there is no parameter error, i.e., the 
robot parameters are all known precisely. And in the second 
case, all the system parameter values, except motor inertia, that 
are used to calculate the control input, are 20% different from 
the actual system parameters, i.e., the parameter values are 
used to simulate the system.  

 
4.1 The SEA in Case of No Parameter Error 
 
The simulation results of both DSC-BC and BC are shown in 
Figures 3 and Figure 4. From the simulation results, both 
controllers can successfully achieve the desired position and 
speed trajectory responses with small errors. In the case of BC, 

𝑉̇𝑉4 ≤ −𝑐𝑐4𝒆𝒆�𝟒𝟒
𝑻𝑻𝒆𝒆�𝟒𝟒 = −𝑘𝑘4𝑉𝑉4 ≤ 0 (39) 

𝒖𝒖� = 𝑱𝑱� �
𝑭𝑭�3 − 𝑭𝑭3
𝜏𝜏3

+ 𝑐𝑐4𝒆𝒆�𝟒𝟒� + 𝑲𝑲�(𝒙𝒙�𝟑𝟑 − 𝒙𝒙�𝟏𝟏)

+ 𝛿𝛿𝜃𝜃𝑠𝑠𝑠𝑠𝑠𝑠(𝒆𝒆�𝟒𝟒) 

(40) 
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the maximum position error for joint 1 and joint 2 are 0.0012 
(rad) and 0.003 (rad), respectively. In the case of DSC-BC, the 
maximum position error is much smaller.  The maximum 
position error for joint 1 and joint 2 are 0.0007 (rad) and 0.0005 
(rad), respectively. In addition, the DSC-BC outperforms the BC 
in several aspects. One limitation BC is the occurrence of large 
derivative variations, also known as the "explosion of terms." 
These variations can lead to unstable control behavior and 
negatively impact system performance. By incorporating DSC, 
the controller effectively mitigates these variations by 
introducing a dynamic surface that regulates the control signal's 
rate of change. This ensures smoother and more stable control 
action throughout the system. 

 

 

 

 

 

 
Figure 3. The simulation results joint 1 without parameter error 
 
Furthermore, the DSC controller demonstrates superior 

performance in suppressing chattering phenomena. Chattering 
refers to rapid and irregular fluctuations in the control signal, 

which can introduce unnecessary control actions and degrade 
system efficiency. Thanks to its inherent design characteristics 
and low-pass filtering properties, the DSC controller effectively 
reduces chattering, resulting in a more refined and continuous 
control action.  

In summary, while both controllers can achieve satisfactory 
position and speed trajectory responses, the utilization of the 
DSC controller offers notable advantages over the pure 
backstepping technique. By addressing the limitations 
associated with large derivative variations and chattering, the 
DSC controller ensures smoother and more stable control 
performance, ultimately enhancing the overall efficiency of the 
system. 

 

 

 

 

 

 
Figure 4. The simulation results joint 2 without parameter error 
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4.2 The SEA In Case Of 20% Parameter Error 
 
To further validate the effectiveness of the proposed DSC-BC 
controller, the simulation with 20% parameter error is done with 
both DSC-BC and BC controllers. The simulation results are 
shown in Figures 5 and 6. In this case, both DSC-BC and BC 
controllers still can keep the system stability, but the system 
performance is degraded.  
 

 

 

 

 

 
Figure 5. The simulation results joint 1 with 20% parameter error 
 
For DSC-BC, the degradation is relatively insignificant, the 

maximum position error of joint 1 and joint 2 are 0.0012 (rad) 
and 0.003 (rad), respectively. While with the BC, the maximum 
position error of joint 1 and joint 2 are 0.0185 (rad) and 0.026 
(rad), respectively. DSC-BC has shown its capability in handling 
unknown components within the system model. In addition, the 
maximum control input in case of DSC-BC is 6 (Nm) for joint 1 
and 4 (Nm) for joint 2. While the maximum control input in case 
of BC is larger, 6.5 (Nm) for joint 1 and 5.6 (Nm) for joint 2. This 
advantage of DSC-BC comes from the use of a low-pass filter that 
effectively smooths the signal. Consequently, DSC-BC improved 

stability and provides more accurate position tracking, in 
comparison to BC.  

The simulation with up to 50% parameter error has also 
been done. The system with DSC-BC is still stable, but the 
performance is reduced significantly. When the error increases, 
the system stability may not be guaranteed. 

 

 

 

 

 

 
Figure 6. The simulation results joint 2 with 20% parameter error 

 
 
5.0  CONCLUSION 
 
In this paper, dynamic surface control based backstepping 
technique has been proposed. It is shown that DSC-BC can 
handle unknown components in the system model, and it also 
overcomes the limitations of the large derivative variation 
“explosion of terms”, and chattering is better when using a 
controller using pure backstepping technique. The DSC-BC 
algorithm gives a better response than the pure backstepping 
controller in the case when the system contains uncertain 
components. 
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Accordingly, the use of DSC-BC helps the system to be stable 
against interference. This can be considered as one of the basic 
solutions for SEA when the system contains unknown 
parameters. However, the DSC-BC controller still has certain 
disadvantages that are difficult to respond to unknow 
parameter with large variation. In the future the adaptive DSC-
BC will be considered. 
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