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Abstract 
 
Suppression of residual vibrations in position control of flexible systems is a challenging 
problem, especially in the presence of high nonlinearities or diverse operating points. Input 
shaping, a technique for designing shaped commands to minimize system residual vibration 
during point-to-point movements, is crucial. Traditional input shapers like zero-vibration and 
zero-vibration-and-derivative shapers, designed based on the superposition principle, 
perform well for linear systems but have limitations in highly nonlinear systems. This paper 
revisits nonlinear input shapers, including three-impulse and robust shapers, providing a 
comprehensive energy-based analysis. Additionally, a novel fast three-impulse shaper is 
proposed to improve the time-delay of traditional input shapers. The amplitudes and time 
locations of all designed shapers are proven in the same closed-form solution for the 
undamped case, suitable for analyzing sensitivity to variations in plant parameters. 
Demonstrations on a two-mass flexible system with nonlinear spring and damper show that 
the proposed fast-three shaper outperforms the two-impulse shaper in robustness, with 
similar performance in rise time. However, robust shapers, while slower, exhibit superior 
robustness as increasing impulse numbers decrease residual total energy. The effect of 
nonlinear damping force is demonstrated in simulations, providing suggestions for designing 
robust shapers for damped flexible systems. 
 
Keywords: Residual vibration control, input shaping, flexible systems, Duffing nonlinearity, 
nonlinear systems 
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1.0  INTRODUCTION 
 
Control of residual vibration in flexible systems is a crucial 
problem in many engineering applications, especially in the 
position control of electro-mechanical systems, such as cranes 
with swinging payloads [1], industrial robot manipulators [2], X-Y 
linear motion stage [3], torsional vibrations in aircraft drivetrains 
[4], eliminating bouncing in electrohydraulic system with elastic 
manipulator [5], micro-electro-mechanical-system (MEMS) 
contact switches [6], and piezoelectric/dielectric elastomer 
actuators [7]. Several reasons that the residual vibration 
emerged in such systems, such as the inclusion of mechanical 
flexible parts in the system or the design of lightweight structure 
design, which severely degrades performance of positioning 

accuracy. An effective methodology to mitigate residual vibration 
is utilizing feedforward/feedback control, which is cheaper, more 
flexible to design, and can reduce the system settling time, than 
using the external passive devices such as dashpots. 

There are numerous techniques in linear/nonlinear control 
theory that can be applied to control flexible systems. However, 
an effective method is to design appropriate command input, 
i.e., by input shaping so as not to excite the vibration mode of 
the system. The shaped command input under the name input 
shaping has been proposed for decades [8] and is still widely 
used to present day. The well-known input shapers, including 
Zero-Vibration (ZV) shaper, Zero-Vibration-Derivative (ZVD) 
shaper were later developed based on linear models to handle 
uncertainties in mode parameters [9]. The input shaping 
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technique is implemented by convolving a desired system input 
with a specific sequence of impulses. With an appropriate design 
of impulse amplitudes and times, an impulse response of the 
flexible system can be cancelled by another impulse response, 
resulting in zero residual vibration when the system moves from 
point-to-point. 

Over the last few decades, vibration reduction strategies by 
input shaping have been classified into four major categories: 1) 
Improvement or development of novel input shapers to solve 
specific problems, such as actuator saturation limits [10], non-
zero initial state movement [11, 12, 13, 14], configuration-
dependent dynamics [2] and [15], time-dependent system 
frequency [16, 17], and flexible systems with nonlinearity [18, 
19]. 2) Integration of existing linear input shaping with optimal 
control to solve time-optimal or fuel-optimal problems [20, 21, 
22, 23]. 3) Inclusion of input shaper into a control system to 
enhance control and robust performance, such as the 
improvement of speed performance in backstepping model 
matching [24], using quantitative feedback controller with model 
reference to handle a large plant uncertainty [25]. 4) 
Implementation of designed shaping/control to challenging 
applications, such as human control of crane [26], structural 
health monitoring [27]. This work primarily focuses on the 
analysis and development of nonlinear input shapers in a general 
closed form without using a feedback controller, known as open-
loop input shaping, and thus belongs to the first category. 
However, this proposed nonlinear shaper can be used in a 
feedback control system in practice. 

Most recent works refer to a linear or linearized plant model, 
allowing the existing basic linear shapers to be applied. These 
shapers are designed using the natural frequencies and damping 
ratios of the linearized model at specific operating points, while 
nonlinearities are treated as plant uncertainties and handled by 
controllers. However, this approach may be unacceptable when 
the plant exhibits strong nonlinearities, leading to significant 
deviations between the linearized model and the actual 
nonlinear plant. In such cases, gain scheduling, interpolation, or 
adaptive techniques may be useful but will simultaneously 
increase the complexity of the design procedures. Compared to 
the extensive literature on linear input shaper design, limited 
attention has been directed towards the direct design of 
nonlinear input shapers. Some works utilized phase portrait tools 
from nonlinear systems to design nonlinear shapers [28, 29, 30, 
31]. However, the limitation of phase portraits, which can only 
illustrate a two-dimensional phase plane, restricts their 
application to single-degree-of-freedom dynamics, rendering 
them unsuitable for systems with dynamic coupling. Others 
emphasized the concept of the work-energy principle to design 
nonlinear shapers. In [32, 33, 34], the conservation of energy 
principle was applied to design nonlinear input shapers for 
configuration-dependent dynamics with nonlinearities in spring 
stiffness and damping. These works considered both 
displacement and force excitations through a single mass system. 
Following this approach, [18] and [35] presented nonlinear input 
shapers using two-step and three-step applied forces for a mass-
spring system with Duffing nonlinear spring stiffness. They 
proved that within the linear limit, these shapers can be reduced 
to the traditional ZV and ZVD shapers, respectively. However, for 
force excitation configurations, they cannot be generally applied 
to flexible systems with two degrees of freedom. A more suitable 
configuration involves considering systems excited by 
displacement. In [19], a two-mass rigid-flexible system with 

nonlinear spring and damper was used to demonstrate designed 
nonlinear shapers, such as the two-impulse shaper, robust input 
shaper, and negative input shaper. Despite this work opening up 
the challenge of designing nonlinear shapers in the general case, 
several fundamental issues persist. The explicit expressions for 
determining all parameters of a robust nonlinear shaper should 
be more concise and clarified. Furthermore, the physical 
intuitiveness of designing shaper parameters through an energy 
perspective has not been developed, impacting the potential for 
analysing the sensitivities against parameter variations. 

This paper draws inspiration from previous works [12] and [18, 
19], utilizing the same energy analysis approach to design 
nonlinear input shapers directly from their nonlinear dynamics. A 
two-degrees-of-freedom (DOF) flexible system with Duffing 
nonlinearity serves as a benchmark to demonstrate the designed 
shapers. This system encompasses the majority of actual rigid-
flexible systems with two-degrees-of-freedom, such as flexible-
joint robots, cart-pendulum systems, gantry cranes, etc. 
However, these systems are considered as a single mode of 
vibration in their flexible part, which is uncontrolled directly but 
is excited by the displacement of the rigid-body part of the 
flexible system. The shaped reference position from the shaper 
will be designed solely for the rigid-body part to track using a 
feedback controller. The first part of this paper is dedicated to 
presenting related work in [18, 19], involving the design of 
nonlinear input shapers, including two-, three-impulse shaper, 
and robust shaper. However, these shapers are reconsidered and 
clarified through a more in-depth analysis with an energy 
perspective. We then showcase the optimal result of the 
generalized three-impulse shaper, where the shaper’s parameter 
is optimized. By incorporating the energy perspective, it can be 
proven that the nonlinear three-impulse shaper, inspired by [19], 
represents the optimum case. This result can be extended to a 
robust nonlinear shaper and re-expressed in a compact form. 
Additionally, a novel nonlinear shaper called the fast-nonlinear 
shaper is proposed to enhance the time-delay of traditional 
linear and nonlinear shapers. Finally, a sensitivity issue of the 
proposed nonlinear input shapers to plant uncertainties is 
observed. 
 
 
2.0  INPUT SHAPING BASICS 
 
An example illustrating the cancellation of two impulse 
responses is shown in Figure 1. When an impulse input with 
amplitude A1 at time t1 is applied to a second-order linear 
underdamped system with a transfer function 

2 2 2/ ( 2 )n n ns sω ζω ω+ + , the residual vibration occurring in 
response (dotted line) can be eliminated by using a second 
impulse input with an appropriate amplitude A2 at time t2. 
Consequently, the response after this second impulse action 
exhibits zero residual vibration (red line).  

To understand the input shaping concept, let us consider the 
impulse response of a single impulse input (t1, A1) given in Eq. (1): 

 
 1( )

1 1 121
( ) sin ( ),n t t

d
nx t A e t t t tζωω
ζ

ω− −

−
= − ≥  (1) 

 
where ωn is the undamped natural frequency and ζ is the 
damping ratio. The corresponding damped frequency ωd and 
period Td can be calculated by ωd = ωn √(1-ζ2) and Td = 2π/ωd. 
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Figure 1 Cancellation of two-impulse responses. 

 
When an N-impulse input (t1, A1) + … + (tN, AN) is applied to the 

system, the impulse response of linear system satisfies the 
superposition principle and is expressed as ( )x t =  

1sin( ),dA t t tω ψΣ − ≥ , where  
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To quantify the amount of vibration in the response, the 

Percentage Residual Vibration (PRV), V is used as an indicator to 
measure the residual vibration amplitude under an input shaper 
compared to the residual vibration amplitude of a unit impulse 
response without an input shaper, i.e., 
 

 
2

1
2

1

[ cos( )]
( , )

[ sin( )]

n i

n n

n i

tN
i i d it

n tN
i i d i

A e t
V e

A e t

ζω
ζω

ζω

ω
ω ζ

ω
=−

=

Σ
=

+ Σ
 (3) 

 
According to the requirement of zero residual vibration, the 

PRV constraint gives V = 0. In particular, to relaxing this 
constraint, V1 ≤ V0 could be set, where V0 is the maximum 
allowable residual vibration. Ensuring the total move by the 
shaped command is the same as the move by the unshaped 
command, the sum of impulse amplitudes would be equal to 
one, i.e., 1 1N

i iA=Σ = . 
The fastest response occurs when using a two-impulse 

sequence (N = 2), referred to as the Zero-Vibration (ZV) shaper, 
with its parameters given by  

 

 1 2

1 2

1 / (1 ) / (1 )
0 / 2d

A A K K K
t t T

+ +   
=   
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 (4) 

where 2exp{ / 1 }K ζπ ζ= − −  and Td = 2π/ωd. 
To reduce the sensitivity of the PRV with respect to ωn and ζ, 

the additional differential constraint ∂V/∂ωn = 0 (equivalent to 
∂V/∂ζ = 0) will be added. In this case the shaper will consist of 
three impulses, and it is called the Zero-Vibration-and-Derivative 
(ZVD) shaper: 
 

 
2 2 2 2

1 2 3

1 2 3

/ (1 ) 2 / (1 ) 1 / (1 )
0 / 2d d

A A A K K K K K
t t t T T
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   
 (5) 

Due to the robust performance advantage of the ZVD shaper 
over the ZV shaper, it can be effectively employed in weakly 
nonlinear systems by treating the system nonlinearity as 
uncertainty within the tolerance of a robust shaper. However, 
the methodology for designing the ZV and ZVD shapers, which 

relies on the superposition principle, will no longer hold for 
systems with hard nonlinearity. In the next section, the work-
energy principle in classical mechanics will be used to analyze 
and design various types of nonlinear shapers. 
 
 
3.0  WORK-ENERGY PRINCIPLE FOR NONLINEAR 
SHAPER DESIGN 
 
Consider a 2-DOF rigid-flexible system shown in Figure 2, 
consisting of two masses where m1 represents the rigid-body 
part and m2 for the flexible-body part, connected by Duffing’s 
spring and nonlinear damper. The coordinates x1 and x2 are 
measured from the equilibrium positions of m1 and m2, 
respectively. Let x = x2 – x1 be the relative position between two 
masses. The equations of motion of the plant are given by 
 

 1 1 0 1

2 2

( ) ( ) ( ) ( )
( ) ( ) 0

c s

c s

m x F x F x F x F t
m x F x F x

+ − − =
 + + =

  

 
 (6) 

 
where F0(ẋ1) = c0ẋ1 and Fc(ẋ) = cẋ3 are the linear and nonlinear 
damping force, respectively. Fs(x) = (1/2)k1x2 + (1/4)k3x4 is the 
elastic force from Duffing’s spring, and F is the control force. 
 

 
 
 
 
 

 
Figure 2 2-DOF rigid-flexible system with nonlinear spring and damper. 

 
Throughout this paper, the system described in Eq. (6) will be 

used as the actual plant model for simulations, with the plant’s 
parameters given by m1 = m2 = 1 kg, k1 = 10 N/m, k3 = 100 N/m3, 
c0 = 0.1 N-s/m, and c = 0.1 N-s3/m3. However, to propose closed-
form solutions for the designed shapers, we will limit our scope 
to an undamped system (c = 0). This limitation will be discussed 
further regarding the effect of the damping coefficient. The 
control objective is to design a sequence of impulse signals using 
the energy analysis approach to generate a shaped reference 
input for the mass m2, changing the system’s state from a zero-
initial condition state (x1(0), x2(0)) = (0, 0) and (ẋ1(0), ẋ2(0)) = (0, 0) 
to a desired final state (x1(tf), x2(tf)) = (xd, xd) and (ẋ1(tf), ẋ2(tf )) = 
(0, 0) with minimum residual vibration. 
 
 
3.1  Nonlinear Three-Impulse Shaper 

 
To design a three-impulse shaper (ti, Ai), (i = 1, 2, 3), consider the 
diagram in Figure 3. In Figure 3(a), the masses m1 and m2 are at 
rest at the equilibrium position, where the spring and damper 
are unstretched. To move both masses from their initial state to 
the final state, a first step input with a suitable amplitude A1 is 
applied to the mass m1, moving to the right (Figure 3(b)). The 
amplitude A1 is pre-computed so that the mass m2 will rest at the 
intermediate position x2 = αxd, (0 < α ≤ 1) at time t2 (Figure 3(c)). 
As soon as mass m2 reaches the position x2 = αxd, a second step 
input of the appropriate amplitude A2 is applied (Figure 3(d)), so 
that the mass m2 reaches the destination x2 = xd at time t3 and is 
at rest (Figure 3(e)). At that moment, a third step input A3 = xd – 
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A1 – A2 should be applied to counteract the restoring force of the 
spring (Figure 3(f)), and both masses are at rest at x1 = x2 = xd. 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 3 The schematic diagram of the nonlinear three-impulse shaper 

design. 
 

With the aid of energy conservation of the mass m2, the 
amplitude Ai and time location ti of the three-impulse shaper (ti, 
Ai), (i = 1, 2, 3) can be computed in the following steps: 

 
Step 1: 0 ≤ x2 ≤ αxd, (0 < α ≤ 1) Find the required amplitude A1 

of the first step input by considering the stages of movements 
from point (b) to (c) in Figure 3. 
 

   
α α
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= − + −
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2 4
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         2 2 2 2
1 1 1 3 1 1[ ( ) ](2 [ ( ) ]) 0d dA x A k k A x Aα α− − + + − =  (8) 

 
There is no solution in the second term; hence, A1 = αxd/2, and 

assume that the first step input A1 applies at time t1 = 0. Next, to 
find the time t2 of the second step input, suppose (x2, ẋ2) is the 
state of the mass m2 at time t (0 < t ≤ t2), where t2 is the time 
taken for mass m2 to reach x2 = αxd. Applying the conservation of 
energy from point (b) to a general point x2 (0 ≤ x2 ≤ αxd) in Figure 
3.  
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Substituting A1 = αxd/2, yields 
 

           2 2
2 2 2 1 3 2 2

2

2
1

2 2( ) [2 ( )]d d
dx
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The time t2 can be solved by numerical integration of 1/ẋ2 

from x2 = 0 to x2 = αxd. However, the above expression can also 
be rewritten in a neater form. Without loss of generality, let us 
assume that xd > 0, and so ẋ2 > 0 for 0 < x2 ≤ αxd, (0 < α ≤ 1). By 
changing the variable y = x2/αxd, (0 ≤ y ≤ 1), 

   2 2 2 21
2{ (1 )[1 ( )]}ry y y k y yω α= − + − +  (11) 

 
where ω2 = k1/m2 and kr = k3xd2/2k1. Hence, 
 

       
11 2 2 1/2

2 0
1
2{ (1 )[1 ( )]}rt y y k y y dyω α− −= − + − +∫  (12) 

 
With slightly more effort, by setting the dummy integration 

variable, y = sin2(πθ/2), the term π/ω similar in the linear ZV 
shaper appeared in the expression as 
 

 
1 2 2 4 1/2

2 0
1
2 2 2{1 ( sin sin )}rt k dπ πθ πθ

ω α θ−= + − +∫  (13) 

 
Step 2: αxd ≤ x2 ≤ xd Now, for the amplitude A2 of the second step 
input, consider the stages of movements from point (d) to (e) in 
Figure 3. 
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Because there is no solution in the first and third term, then A2 

= (αxd + xd – 2A1)/2. By substituting A1 = αxd/2, it becomes A2 = 
xd/2, and hence A3 = xd – A1 – A2 = (1 – α)xd/2. 

Finally, find the time t3 required for the moving mass m2 
starting from x2 = αxd to reach the desired position x2 = xd. By 
considering the stages of movements from point (c) to a general 
point x2 in Figure 3. 
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Substituting A1 = αxd/2 and A2 = xd/2, yields, 
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Clarifying the above expression by considering change of 
variable from αxd ≤ x2 ≤ xd ⇒ 0 ≤ x2/αxd – 1 := y ≤ 1/α – 1, then 
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The time t3 can be solved by numerical integration of 1/ẋ2 

from x2 = 0 to ẋ2 = 1/α – 1. Hence, 
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Finally, setting the dummy integration variable y := (1/α – 

1)sin2(πθ/2) in the above expression yields a slightly simpler 
alternative expression 
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1
2 2 2{1 (1 ) ( sin sin )}rt k dπ πθ πθ

ω α θ−= + − − +∫  (20) 

 
It should be note that the time t3 from Eq. (20) is the next 

count from t2; therefore, the third impulse would be applied at t2 

+ t3. In summary, a general solution of the nonlinear three-
impulse shaper is given by 

 

 
2 2 3
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i

A x x x
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 (21) 

 
where t2 and t3 can be obtained by numerical calculation from 
Eq. (13) and Eq. (20), respectively. 
 
Remarks: 
1. The sequence of impulse signals from Eq. (21) is general form 
of a nonlinear three-impulse shaper, which depends on the 
choice of the shaper’s parameter α (0 < α ≤ 1) to assign the 
intermediate position x2 = αxd with zero velocity. 
1.1 For α = 1, the three-impulse shaper reduces to a nonlinear 
two-impulse shaper, i.e., 1 2 / 2dA A x= =  and  

1 2 4 1/2
2 0

1
2 2 2{1 ( sin sin )}rt k dπ πθ πθ

ω θ−= + − +∫ .           (22) 

1.2 For α = 1 and kr = 0 (linear spring), the nonlinear two-impulse 
shaper becomes the linear ZV shaper, i.e., 1 2 / 2dA A x= =  and  

               
1

2 0
( / ) /t dπ ω θ π ω= =∫ .  (23) 

2. The time t2 in Eq. (13) represents the haft-period of nonlinear 
oscillation. Here, note that t3 is not necessarily equal to that of t2. 
However, by minimizing the residual total energy, it can be 
shown in the next subsection that α = 0.50 is optimum, and so 
for this case, t2 = t3. 
 
3.1.1  Optimal Parameter α and Sensitivity Consideration 

 
Infinitely many solutions of the nonlinear three-impulse shaper in 
Eq. (21) depend on the selection of α. It was found that a change 
in the parameter α will also affect the magnitudes of A1 and A3 in 
opposite directions. When α >> 0 or A1 is large, then A3 will be 
small (and vice versa if α → 0 or A1 is small, A3 will be large). 
Note that A2 will always have a constant magnitude regardless of 
any choice of α value. To demonstrate the results of changes in 
the parameter α, consider the residual total energy, which is 
defined as the kinetic and elastic potential energy of the mass m2 
throughout the entire range of motion as follows, 
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Potential energy: 
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      (27) 
 

In simulation, let’s assume the desired target position is xd = 1 m, 
and the impulse sequence (ti, Ai), (i = 1, 2, 3), corresponding to α 
= 0.45, 0.50, 0.55, and 1.00, can be computed from Eq. (13)-(21) 
and is provided in Table 1. 

 
Table 1 Design parameters for a general solution of nonlinear three-
impulse shaper at each α. 

 

α (t1, A1) (t2, A2) (t3, A3) 

0.45 (0, 0.225) (0.847, 0.500) (1.643, 0.275) 

0.50 (0, 0.250) (0.822, 0.500) (1.643, 0.250) 

0.55 (0, 0.275) (0.796, 0.500) (1.643, 0.225) 

1.00 (0, 0.500) (0.591, 0.500) - 

 
Figure 4 compares the profiles of residual total energy of the 

nonlinear three-impulse shaper for any choice of α. It can be 
seen that the residual total energy of the system at each α is not 
equal. When α = 1.00 (two-impulse shaper) the system generates 
maximum energy. However, it is important to note that the total 
energy of the system is conserved when α = 0.50 and α = 1.00. 
For this case, the potential energy function is a continuous 
function, which has “no jump” in the profiles. As a result, the 
spring force does not undergo an abrupt change during the 
second impulse.  

To eliminate such discontinuities, the best approach is to 
equalize U1(x2) and U2(x2) at the second impulse or at the 
switching points x2 = αxd, so that neither the intermediate nor 
the desired positions are more sensitive to timing errors. This 
statement is equivalent to the work done by the spring force 
from the first impulse being equal to that of the second impulse. 
In other words, it should consider the balance of restoring spring 
force fc at the stages in Figure 3(c) and fe in Figure 3(e), where fc = 
k1αxd/2 + k3(αxd)3/8 and fe = k1(1 – αxd/2 + k3((1 – α)xd)3/8. 
Accordingly, the “optimal” value of the parameter αopt can be 
calculated from the algebraic equation: 

 
α α α α= − + − + − =2 3

2[ ]; 1 2 (1 3 3 2 ) 0c e opt opt opt opt
rkf f (28) 

 
where = 2

3 1/ 2r dk k x k . Eq. (28) has a unique solution αopt = 0.50. 
Consequently, the optimal (αopt = 0.50) nonlinear three-impulse 
shaper can be expressed as 
 

 1 2 3

1 2 3 2 2 3

/ 4 / 2 / 4
0

d d dA A A x x x
t t t t t t
   

=   +   
 (29) 

 
where the action time t2 and t3 can then be obtained from Eq. 
(13) and Eq. (20), as follows 
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Figure 4 Residual energy profiles when using a general nonlinear three-impulse shaper. 

 

 
11 2 1/2

2 0

3 2

1
4 2{ (1 )[1 ( )]}rkt y y y y dy

t t

ω− − = − + − +

 =

∫  (30) 

 
In this case, to verify the optimality of the shaper parameter 

αopt = 0.50, sensitivity curves are employed, plotting the 
percentage residual vibration (PRV (%)) against the normalized 
plant’s parameter of interest. While typical sensitivity curves of 
linear input shapers can reflect tolerance to errors in estimating 
the system's natural frequency and damping ratio, they are 
unsuitable for highly nonlinear situations due to variable-
dependent natural frequencies and damping ratios that cannot 
be easily defined. In this instance, PRV (%) is measured using the 
criteria from [18]: PRV (%) = (xp – xd)/xd, where xp is the first 
maximum overshoot, and xd is the desired position of movement. 
Figure 5, shows the sensitivity curves with respect to the 
normalized mass m2a/m2m, varying the parameter α of the 
nonlinear three-impulse shaper from α = 0.50 to 0.70. The 
simulation confirms that overall residual vibration is minimized 
when using αopt = 0.50; hence, this optimum value will be used in 
the design of the robust nonlinear shaper in the next section. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 5 Effect of the shaper’s parameter α on percentage residual 

vibration. 
 
3.2  Robust Nonlinear Shaper 

 
Due to the resting point of the mass m2 in the optimal nonlinear 
three-impulse shaper being designed as one resting point during 
the motion at xd/2, to cope with the uncertainty in the plant 
model, a robust nonlinear shaper can be developed using the 
same concept. This involves adding k-resting points (k = 0, 1, …) 
for the mass m2 before reaching the desired position x = xd. With 
this setting, when k = 0, it means that there is no stationary point 
during the motion; for k = 1, it represents the foregoing optimal 

nonlinear three-impulse shaper. As a result, the distance during 
each step is equal to xd /(k+1), taking up half-period of oscillation 
either in linear or nonlinear oscillation. 

Let A1, A2, …, Ak+2 be the amplitudes of the impulse signals 
acting at times t1, t2, …, tk+2, respectively. The mass m2 is 
stimulated by the first impulse from the zero-initial state (x2(0), 
ẋ2(0)) = (0, 0) to the resting point x2 = xd /(k+1). Then the 
subsequent impulse signals (ti, Ai), (I = 2, 3), are stimulated at 
times t2 = T/2, t3 = T, t4 = 3T/2, …, tk+2 = (k+1)T/2, where T is the 
haft-period of oscillation, until the mass m2 moves to the desired 
position x2 = xd. The final impulse (tk+2, Ak+2), where Ak+2 = A1, is 
applied to counteract the excess potential energy generated by 
the previous impulse, so the system is at rest at the destination 
x2 = xd. 

Finding the sequence of impulse signals is, therefore, simply 
finding the first amplitude A1, which is the same as the final 
amplitude Ak+2, and the amplitude A2 = A3 = … = Ak+1 used during 
the movement, as follows,  
 

 
1 2 2( 1)

1 , 2, 3, , 1

k

i

d

d

x
k

x
k

A A

A i k

+ +

+

 = =

 = = + 

 (31) 

 
The half-period time T/2 can be determined from the first 

movement stage, from x2 = 0 to x2 = xd/(k+1), using the 
conservation of energy. This result can be applied in subsequent 
periods. 

 
    2 4 2 4 2

1 1 3 1 1 2 1 3 2 1 2 2
1 1 1 1 1

4 42 2 2( ) ( )k A k A k x A k x A m x+ = − + − +   (32) 

 
Substituting A1 = xd/2(k + 1), yields 
 

      2 2 2 2
2

2 2 2
2

1 1 1
1 2( 1)4( 1)( ) {1 [ ( ) ]}d rd d d

x x x
x x xk kkx x kω + ++

= − + + −  (33) 

 
As in the same process before, because 0 ≤ x2 ≤ xd/(k + 1) ⇒ 0 

≤ (k + 1)x2/xd := y ≤ 1, the above equation becomes, 
 

   2 2 2
2

1
2( 1){ (1 )[1 ( )]}rk

ky y y y yω
+

= − + − +  (34) 

Hence,  

      
11 2 1/2

2 0 2
1
2( 1){ (1 )[1 ( )]}rk

kt y y y y dyω− −

+
= − + − +∫  (35) 
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Figure 6 Residual energy profiles of the robust nonlinear shapers for k = 0 (non-robust), 1, 2, and 3.  

 
By changing of variable y = sin2(πθ/2), the haft-period time 

used is 

 
1 2 4 1/2

2 0 2
1

2 2 2 2( 1){1 ( sin sin )}rkT
kt dπ πθ πθ

ω θ−

+
= = + − +∫  (36) 

  
In summary, the robust nonlinear shaper with k + 2 

impulses, where k = 0, 1, … is given by 
  

 
/ 2 / 2 / 2

0 / 2 / 2 ( 1) / 2
i

i

A A A A A A
t T T kT k T
   

=   +   




 (37) 

 
where i = 1, 2, …, k + 2, A = xd/(k +1) and T is a period of 
oscillation given in Eq. (36). 
 
Remarks: 
1. For a special case where kr ≠ 0 and k = 0, the robust 
nonlinear shaper reduces to a nonlinear two-impulse shaper, 
and a nonlinear three-impulse shaper when k = 1. 
2. For a large number of k-impulses, the half-period of 
oscillation has a smaller corresponding to small displacements. 
Theoretically, if k → ∞, then t2 → π/ω, which is equal to half-
period of simple harmonic. That is, a linear ZVDk can be used 
with large k values for two-mass systems with nonlinear 
springs. 
3. From energy perspective, using a large number of k-
impulses in a robust nonlinear shaper corresponds to a 
decrease in the residual total energy, as shown in Figure 6. It 
can be seen that the maximum residual energy occurs for k = 0 
(two impulses). When k = 1 (three impulses), the residual total 
energy was reduced by 6.7 times, 2.6 times compared to 
before, and 1.9 times when using k = 2 (four impulses) and k = 
3 (five impulses), respectively. However, for any k-impulses, 
the residual total energy of the system remains consistent 
throughout the motion (conserved system). 
 
3.3  Fast Three-Impulse Shaper 

 
The rise time of system response with the traditional linear 
shaper (ex. ZVDk), and the aforementioned nonlinear shapers 
depends on the number of impulses in the shaper. In general, 
more impulses can be added to the sequence to increase 
robustness but expense of longer moving time. This is because 
the design of most shapers is based on the concept of half-
cycle or half-period delay condition. To improve such time 
delay in the response, a novel nonlinear shaper called the fast 
three-impulse shaper is proposed in such a way that the 
second impulse stimulates when the flexible-part of flexible 
system reaches its maximum velocity (corresponding to 
maximum kinetic energy). As a result, the delay time is 
reduced to a quarter of the period, and not only is the rise 
time of the response reduced compared to the two-impulse 
shaper, but it also improves the robust performance to the 

plant’s uncertainties. This issue will be discussed further in the 
section of sensitivity analysis. 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 7 The schematic diagram of the fast three-impulse shaper 
design. 

 
Step 1: 0 ≤ x2 ≤ A1 The amplitudes A1 stimulates mass m1, such 
that the moving mass m2 reaches its maximum velocity v2, max 
at x2 = A1 (equilibrium position). It can be immediately known 
that the relation between A1 and v2, max changes in the same 
direction. To evaluate v2,max, consider the conservation of 
energy from point (b) to (c) in Figure 7, yielding 

   + = + + =2 4 2
1 1 3 1 2 2,max

1 1 1
42 2[ ];b b c cT U T U k A k A m v

 (38) 

        = +2 2 4
2,max 1 1

31
2 22

kk
m mv A A    (39) 

Let t2 be the time taken for mass m2 to travel from x2 = 0 to 
x2 = A1. To calculate t2, apply the conservation of energy from 
point (b) to a general point x2 (0 ≤ x2 ≤ A1) in Figure 7. 

 

2 2

2 4 2
1 1 3 1 1 2 1

4 2
3 2 1 2 2

1 1 1
42 2

1 1
4 2

[ ]; ( )

( )
b b x xT U T U k A k A k x A

k x A m x

+ = + + = −

+ − + 
          

(40) 
Then, 

         2 2 2 2 4 4
2 1 2 1 1 2 1

3
12{ ( ) [ ( ) ]}k

kx A x A A x Aω= − − + − −  (41) 

 
This works similar in the step to find t2 for the design of 

nonlinear three-impulse shaper. Suppose A1 > 0, and so ẋ2 > 0. 
For 0 ≤ x2 ≤ A1, by changing the variable y = x2/A1, (0 ≤ y ≤ 1), 
this yields 
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         2 2 2 2
2
13
12{1 ( 1) [1 (1 ( 1) )]}k A

ky y yω= − − + + −  

 (42) 
Hence, 

11 2 2 1/2
2 0

2
13
12{1 ( 1) [1 (1 ( 1) )]}k A

kt y y dyω− −= − − + + −∫     (43) 

Step 2: A1 ≤ x2 ≤ xd – A1 As soon as mass m2 reaches the 
position x2 = A1 with maximum velocity, the second impulse 
with amplitude A2 should be applied to move m2 to the 
destination with zero velocity. To find A2, consider the stages 
of movements from point (d) to (e) in Figure 7, yielding 
 

2 2 4
2 2,max 1 1 1 2 3 1 1 2

2 4
1 1 2 3 1 2

1 1 1
42 2

1 1
42

( ) ( )

( ) ( )d d

m v k A A A k A A A

k x A A k x A A

+ − − + − −

= − − + − −
    

(44) 
 
Substituting v2,max and rearranging the equation, yields 
 

 + − − − + + − − − = 
2 2 2 4 4 4
1 2 1 2 1 2 1 2

3
12( ) ( ) 0d d

k
kA A x A A A A x A A      

 (45) 
 
Eq. (45) can be rewritten in dimensionless form by introducing 
x = A1/xd and y = A2/xd, hence 
 

 + − − − + + − − − = 
2 2 2 4 4 4(1 ) (1 ) 0rx y x y k x y x y       (46) 

 
For this case, the amplitudes A1 and A2 (also A3) in Eq. (45) 

(corresponding to x, y, and z in Eq. (46)) are expressed through 
the implicit relations, as shown in Figure 8 (dashed line for 
nonlinear case). These relations cannot be explicitly solved in 
closed-form solutions, rendering them unsuitable for practical 
use. However, the optimal amplitude solutions can be further 
obtained with an energy perspective. 
 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 8 Relationship between normalized amplitudes A1, A2 (left) and 
A1, A2, A3 (right) of the fast three-impulse shaper. 
 

Step 3: A1 ≤ x2 ≤ xd When the mass m2 reaches the desired 
position x2 = xd, the final impulse with amplitude A3 should be 
applied at time t3. To find time t3, consider the stages of 
movements from point (d) to a general point x2 in Figure 7. 

 
+ = + + − − + − −

2 2

2 2 4
2 2,max 1 1 1 2 3 1 1 2

1 1 1
42 2[ ]; ( ) ( )c c x xT U T U m v k A A A k A A A

      = − − + − − + 2 4 2
1 2 1 2 3 2 1 2 2 2

1 1 1
42 2( ) ( )k x A A k x A A m x  (47) 

 
Substituting v2, max yields, 
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2

4

2 22
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x − −
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− −
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 + + − −   



    

 (48) 
 
By change of variable from A1 ≤ x2 ≤ xd ⇒ 0 ≤ (x2 –A1)/(xd – 

A1) := y ≤ 1, the above expression becomes, 
 

   2 2 2 2 2 2 2
1 2 2 2 2{ ( ( ) )[1 ( ( ) )]}ry c c y c K c y cω= + − − + + −

 (49) 
Hence, 
 

11 2 2 2 2 2 1/2
3 1 2 2 2 20

{ ( ( ) )[1 ( ( ) )]}rt c c y c K c y c dyω− −= + − − + + −∫         (50) 

 

where 2
1 1 1 3 1 1[ / ( )] 1 / 2dc A x A k A k= − + , 2 2 1/ ( )dc A x A= − , 

and 2
3 1 1( ) / 2r dK k x A k= − . 

In summary, the time locations for the fast three-impulse 
shaper can be computed using symbolic integration Eq. (43) 
for t2 and Eq. (50) for t3. 

 
3.3.1  Energy Perspective on Fast Three-Impulse Shaper 

 
Due to the second impulse of the fast three-impulse shaper 
acting when the mass m2 reaches its maximum velocity 
(corresponding to maximum kinetic energy), the total energy 
of m2 increases from the previous maximum kinetic energy. 
The additional energy comes from the potential energy 
exerted by the second impulse. Therefore, the total energy 
over the entire range of motion is not consistent (not a 
conservative system), which is not the same as for the three-
impulse shaper or robust shaper. Additionally, it can be seen 
that a “jump” in the potential energy curve occurs at the 
second impulse (see Figure 9). This does not happen in the 
case of three-impulse shaper or robust shaper, where the 
potential energy curve is a continuous function. Consequently, 
it can be expected that the time-delay will be decreased, while 
a higher timing error occurs compared to that of the three-
impulse shaper and robust shaper, affecting the sensitivity to 
parameters uncertainty. 
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Figure 9 Residual energy profiles of the fast three-impulse shaper for A1 < A2, A1 = A2, and A1 > A2, respectively 

.
To clarity, let us consider the energy profiles shown in 

Figure 9, comparing different sets of impulse signals 
determined from the amplitude, which is related according to 
Eq. (45). When A1 < A2 (in this case, A1 = 0.25, A2 = 0.3523), the 
potential energy increase from the second impulse is greater 
than the previous maximum kinetic energy from the first 
impulse, and vice versa for A1 > A2 (here, A1 = 0.40, A2 = 
0.1823). However, when A1 = A2 (in this case, A1 = A2 = 0.3042), 
it can be seen that the second impulse’s potential energy is 
equal to the first impulse’s kinetic energy. It should be noted 
that due to the second impulse acting when the mass m2 
reaches its maximum kinetic energy, the total energy during 
the second impulse will suddenly increase (“jump”) from the 
previous maximum kinetic energy and always be greater than 
the total energy during the first impulse. The additional energy 
comes from the potential energy exerted by the second 
impulse while the kinetic energy is not zero.  

To evaluate suitable amplitudes A1, A2 (also A3), perhaps the 
best approach is to equalize the work done by the first impulse 
and second impulses. The result is that the first and second 
impulses cause the same change in kinetic energy (∆T1st = 
∆T2nd). 

Consider 2
2x  from Eq. (41) for 0 ≤ x2 ≤ A1, and from Eq. (48) 

for A1 ≤ x2 ≤ xd. It can be obtained, 
Kinetic energy: 
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Potential energy: 

≤ ≤ = − + −2 4
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31
42(0 ); ( ) ( ) ( )kkx A U x x A x A             

(53) 

≤ ≤ = − − + − −2 4
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31
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(54) 
 

Setting T1,max(x2) = U2(x2) at x2=A1, then 
+ =2 4

1 1 3 1( / 2) ( / 4)k A k A  +2 4
1 2 3 2( / 2) ( / 4)k A k A . The unique 

condition would then be A1 = A2 (corresponding to x = y). By 
substituting this into Eq. (45) (or Eq. (46)), the optimal solution 
can be obtained as x = y = 0.3042 and z = 1 – x – y = 0.3916 
(corresponding to A1 = A2 = 0.3042xd and A3 = xd – A1 – A2 = 
0.3916xd). 

To verify the transient performance of all proposed 
nonlinear input shapers, a linear ZVD shaper was used to 

compare the speed of responses in terms of rise-time. The 
shapers’ parameters are designed and given in Table 2. 

 
 

Table 2 Amplitudes and time locations of the designed shapers. 
 

Shapers Impulse sequences (ti, Ai) 

Linear ZVD 
(3-impulse) 

(0, 0.25), (0.994, 0.50), (1.987, 0.25) 

2-impulse (0, 0.50), (0.591, 0.50) 

3-impulse (0, 0.25), (0.822, 0.50), (1.643, 0.25) 

4-impulse 
(0, 0.167), (0.904, 0.333), (1.809, 0.333), (2.713, 
0.167) 

Fast 3-impulse (0,0.3042), (0.383, 0.3042), (0.926, 0.392) 

 
 

 
 
 
 
 
 
 
 
 
 

 
Figure 10 Time response comparison between designed nonlinear 
shapers and ZVD linear shaper. 

 
Figure 10 shows the system responses of the position of 

mass m2, where given the desired target position xd = 1m. For 
this case, the perfect plant model was considered. Although 
the linear ZVD shaper was designed to accommodate plant 
parameter uncertainties, it cannot eliminate residual vibration 
in the system with Duffing nonlinearity. The rise time for the 
two-impulse and fast three-impulse are quite similar, while 
the robust nonlinear shapers will provide slower responses 
when using a higher impulse number. 
 
 
4.0  ROBUST PERFORMANCE OF THE DESIGNED 
NONLINEAR INPUT SHAPERS 
 
In summary, the energy analysis approach not only provides a 
clearer way to understand nonlinear input shaping but also 
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offers a more comprehensive methodology for design that can 
be used in both linear and nonlinear systems. From the 
aforementioned designed nonlinear input shapers, the 
amplitudes Ai and times ti of all the proposed shapers can be 
concluded in the same expression of a general form as follows, 

                         1

1 2 1 30

( , )

( , ) ( , )

i d

i

A A x k

t k m h k k dyω

=


= ∫
 (55) 

 
where A(xd, k) is the amplitude function, which depends on 
the desired final position xd, and the number of impulses k (for 
the robust shaper case). The time location ti is a function of 
m2, k1, and k3, defined as the function ω multiplied by the 
integral from 0 to 1 of the integrand h. 

This is useful for analyzing the robust performance of the 
designed shapers. Since the actual plant’s parameters can 
differ from the design value by various reasons, such as aging 
of mechanical elements and stress relaxation, etc., this issue 
will be discussed in the next section by cooperating with Eq. 
(55). 
 
4.1  Sensitivity Analysis Against Plant’s Parameters Variations 
 
To compare robust performance of the designed shapers, the 
PRV (%) will be used to show the effectiveness of residual 
vibration elimination by plotting with respect to the modeling 
errors, including the normalized mass m2a/m2m, the 
normalized spring’s stiffnesses k1a/k1m, and k3a/k3m. 

 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 11 Percentage residual vibration vs. normalized mass m2a/m2m. 

 
Figure 11 summarizes the sensitivity curves subject to 

m2a/m2m. It can be seen that the two-impulse shaper and fast 
three-impulse shaper are quite inferior to the robust shapers 
(three impulses or more) in terms of robustness. However, the 
fast three-impulse shaper is more robust than the two-impulse 
shaper because the added impulse can compensate the effect 
of timing errors that occur when the shaper switches. For the 
robust shapers with k+2 impulses, using a larger number of 
impulses does not guarantee robust performance at every 
m2a/m2m, as seen in the four-impulse shaper at m2a/m2m = 0.6. 
This is because when the impulse signal is applied, there will 
always be errors in the time locations calculation from Eq. (55)
. This error arises from the term ω and accumulates with the 
number of impulses applied. Nevertheless, increasing the 
number impulses will reduce the overall residual total energy 
to compensate for errors in time locations calculation. It was 
found that for the four-impulse shaper, the maximum PRV is 
22% at m2a/m2m = 0.6, and less than 5% when using five-
impulse and six-impulse shapers. 

 
 
 
 
 
 
 
 
 
 
 

 
 

Figure 12 Percentage residual vibration vs. normalized spring’s 
stiffness k1a/k1m. 

 
Figure 12 illustrates the sensitivity curves concerning 

k1a/k1m. The robustness of the two-impulse shaper closely 
resembles that of the fast three-impulse shaper, similar to the 
plotting with m2a/m2m. However, inconsistent results emerge 
for robust shapers (three impulses or more). Despite using a 
higher number of impulses in robust shapers, the robustness 
of the shapers, when compared at the same value of k1a/k1m, 
does not necessarily increase with the number of impulses 
used. This discrepancy arises because, from Eq. (55), variations 
of k1 from a nominal design value affect both functions ω and 
h, exerting a greater influence on time locations calculations 
than variations in parameters m2 and k3 (compare with Figure 
11 and Figure 13). Nevertheless, the impact of increasing the 
number of impulses, resulting in decreased residual total 
energy, outweighs the effect of errors from time location 
calculations. This is evident from an overview that robust 
shapers are more robust than two-impulse and fast three-
impulse shapers. 

 
 
 
 
 
 
 
 
 
 
 
 
 

 
Figure 13 Percentage residual vibration vs. normalized spring stiffness 
k3a/k3m. 
 

Figure 13 compares the sensitivity curves with respect to 
k3a/k3m. By cooperating with Eq. (55), the parameter k3 affects 
the time calculation only in the term of integrand h. Therefore, 
errors in the time location calculations would be less than k1, 
which appears in the multiplied functions ω and h. As a result, 
the change in residual vibration in this case is similar to the 
case of the normalized mass m2a/m2m. However, the 
robustness of the fast three-impulse shaper is significantly 
better than that of the two-impulse shaper by approximately 
50%, considering the same value of k3a/k3m (and also in 
m2a/m2m). 
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4.2  The Effect of Damping Coefficient 
 
The nonlinear damping force Fc(ẋ) = cẋ3 was ignored in the 
procedure of designing nonlinear shapers in order to obtain a 
closed-form solutions. However, it is inevitable for damped 
flexible systems, as the damping force can degrade the 
shaper’s performance due to inaccurate time calculations for 
the impulse signals. The impact of the damping force depends 
on the number of impulses used, which dissipates the system’s 
kinetic energy. For instance, when using an input shaper with 
a large number of impulses, a slower response affects the 
kinetic energy dissipation less than the shaper with a small 
number of impulses, which is faster. 

 
 
 
 
 
 
 
 
 
 
 

 
Figure 14 Impact of damping coefficient on percentage residual 
vibration. 
 

Figure 14 depicts the impact of damping coefficient on the 
percentage residual vibration. Nonlinear damping forces most 
affect the response when using the two-impulse shaper, 
followed by the fast 3-impulse shaper, where the PRV (%) was 
as high as 23% and 17% at c = 0.6 N-s3/m3, respectively. In 
contrast, the robust shaper (three impulses or more) exhibits 
higher damping tolerance, with PRV (%) not exceeding 5% 
over the range of c. In fact, the influence of the Fc increases 
with the speed of response, the slower responses of the 
robust shapers resulting in a more minimal impact of the 
nonlinear damping force. Furthermore, it is observed that the 
PRV (%) initially increases with the increase of c. Subsequently, 
it remains relatively constant as the damping in the system 
further increases, ultimately leading to no vibration. However, 
this is not a problem in designing robust nonlinear shapers 
(with k+2 impulses) for real systems with damping, as the 
damping force can be combined within the system dynamics 
to calculate the half-period time of the oscillation for any k 
impulses, rather than relying on Eq. (36). 
 
 
5.0  CONCLUSIONS 
 
This study revisited and clarified a comprehensive framework 
for designing nonlinear input shapers, including the three-
impulse shaper, robust shaper, and a novel fast three-impulse 
shaper. The versatility and effectiveness of the proposed 
shapers were demonstrated through the displacement 
excitation of a 2-DOF flexible system with Duffing nonlinearity. 
The first proposed shaper, a general three-impulse shaper, is 
optimized by minimizing residual total energy, resulting in the 
optimal three-impulse shaper. This result is extended to the 
robust shaper with k+2 impulses, covering special cases of 
nonlinear two- and three-impulse, as well as linear ZV and ZVD 

shapers. Energy analysis revealed that increased robustness in 
robust shapers with more impulses is attributed to decreased 
residual total energy. The fast three-impulse shaper, designed 
to improve rise time, exhibited better robustness than the 
two-impulse shaper but introduced timing errors, mitigable by 
specific impulse settings. The general solution of all the shaper 
amplitudes and time locations can be expressed in a uniform 
format suitable for analyzing the robust performances. The 
augmentation of impulse numbers in robust shapers affects 
robustness differently, depending on the uncertain 
parameters. Nonetheless, robust shapers demonstrated 
superior robustness, with the impact of decreased residual 
total energy outweighing errors in time calculations. Finally, 
the nonlinear damping effect was discussed, emphasizing that 
the designing a robust shaper with k+2 impulses for the 
damped system case can be accomplished by including the 
damping force in the plant dynamics, followed by numerical 
calculation for the haft-period of movements depending on 
the number of impulses used. Additionally, with the same 
energy concept in the proposed shaper design, it can be 
applied to real-life applications with 2-DOF, such as flexible-
joint robots, trolley-pendulum system, and gantry crane. By 
applying the conservation of energy to any type of motion 
(translation and/or rotation) [12], depending on each system, 
the shaper design process remains consistent. 

Future work will involve applying the proposed approach to 
other general nonlinear systems and extending it to multi-
input-multi-output systems, such as bridge cranes, to enhance 
its applicability and effectiveness in more complex scenarios. 
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