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Kumpulan Bieberbach dikenali sebagai kumpulan kristalografi yang belbas kilasan. Dalam
makalah ini, fokus kami adalah kepada kumpulan Bieberbach dengan kumpulan abelan

asas dua sebagai kumpulan fitik, C, xC,. Subkumpulan pusat bagi kuasa dua tensor tak

abelan bagi kumpulan G dihasilkan oleh g ® g bagi semua g dalam G . Tujuan makalah

ini adalah untuk mengira subkumpulan pusat bagi kuasa dua tensor tfak abelan bagi dua
kumpulan Bieberbach dengan kumpulan abelan asas dua sebagai kumpulan fitik yang
berdimensi tiga.

Kata kunci: Teori Kumpulan, kumpulan Bieberbach, Subkumpulan pusat, kuasa dua tensor
tak abelan, kumpulan abelan permulaan
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1.0 INTRODUCTION group P and free abelian group L of finite rank is
given by the short exact sequence

Bieberbach groups are forsion free crystallographic 1 L—25G—>P 1
group. This group is an extension of a finite point such that G/qo(L); P.
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The central subgroup of the nonabelian tensor
square, V(G) is one of the homological functors that

can reveal the properties of a group. The nonabelian
tensor square of the group, G®Gis generated by
the symbols, g®h, for all g,heG subject to the
relations,

gg'®h=("g' ® °h)(g®h) and
g®hh'=(g@h)("g®"n"). 1]

The subgroup V(G) is normal which is generated
by g®g for all geG. The abelianization of the

group, G® must be first determined before V(G)

can be computed. Researches on the computation
of V(G) of Bieberbach groups with certain point

group have been started since 2009. Masri [2]
focused on the central subgroups of the nonabelian
tensor squares for some families of Bieberbach
groups with cyclic point group of order two. Masri [2]
also provided a method to create a family of
Bieberbach groups with same point group. Mohd
Idrus [3] and Wan Mohd Fauzi et al. [4] computed the
central subgroups of the nonabelian tensor squares
of some centerless Bieberbach groups with dihedral
point group. Tan ef al. [5] computed the central
subgroup of the nonabelian tensor square of
Bieberbach group of dimension six with symmetric
point group of order six and Mohammad et al. [6]
computed the cenfral subgroup of the nonabelian
tensor square of a forsion free space group.

In this paper, two Bieberbach groups with
elementary abeliaon 2-group point group of

dimension 3, denoted by §,(3) and S,(3), are

considered. These groups have consistent polycyclic
presentations as given in the following [7].
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2.0 METHODOLOGY

The method developed by Blyth and Morse [8] for
polycyclic groups is used in this paper to compute
the cenfral subgroups of the nonabelion tensor
squares as one of the properties of the nonabelian

tensor squares. In this section, some basic results that
are used in this paper are given. We start with the
definition of the group v(G).

Definition 2.1 [9]
Let G be a group with presentation <G\R> and let

G’ be an isomorphism copy of G via the mapping

p:9— g’ forall geG. The group v(G) is as follows:
¥(G) =(G,G"|R.R”,*[g,h"] =[*g,(*n)’] = *[g,h*], ¥x,g,h € G).

Proposition 2.1 [9]

Let G be a group. The map ¢:G®G —[G,G”] < v(G)
defined by o(g®h)=[g,h?] for all g,h in G is an
isomorphism.

The next proposition shows that there is a relation
between the structure of V(G) and G®.

Proposition 2.2 [10]

ab

Let G be any group such that G is finitely
generated. Assume G™ is the direct product of the
cyclic groups <xiG'>, for i=1,...,s and let E(G) be

the subgroup of v(G) defined by
E(G)=<[xi,xj¢]|1§i<j§s>[G,G"0]. Then,  the

following hold:
(i)  V(G) is generated by the elements of the set

%% L% % 1, x I<i < j<sh;

(i) [G,G”]=V(G)E(G).

The commutator subgroup of v(G) is isomorphic to
G®G by Proposition 2.1. Then, all the tensor

computation can be done within the commutator
subgroup of v(G). Next, the list of commutator

idenfities in v(G) with left conjugation are given as in
the following. Let x,y and z bein G, then,

[xy, 2] ="y, z]-[x, 2]; (1.3)
[x yz1 =[x y1- "[x 2]; (1.4)
xyl=["x "yl (1.5)

The following propositions are some basic identities
used in this paper.

Proposition 2.3 ([8], [11])
Let G be a group. Then the following relations hold in
v(G):

(i) [9,9”]1 iscentralin v(G) forall g G,
(i) [9,9”]1=1forall geG".
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Proposition 2.4 [10]
Let G be any group. Then the following hold:
(i) f A and B are two subgroups of G with

B<G' then [A B”]1=[B, A”]. In particular,
[G.G"1=[G"G"];

(i) f g€G" or g,eG' then [g,,9,°]" =
[9,,9,"1

Proposition 2.5 [8]
Let g and h be elements of G such that [g,h] =1.
Thenin v(G):
i [9",h’1=[g,h’]" =[g,(h")"] for all integers
n,
(i) [g",(h™)?Ih".(g")’1=([g,h’1[h, g™ for
allintegers m, n.

The following proposition will be used in determining
the order of the generators of the groups.

Proposition 2.4 [2]

Let G and H be groups and let g € G.Suppose ¢ is
a homomorphism from G to H . If ¢(g) haos finite
order then | ¢(g)| divides | g|. Otherwise, the order

of g equals the order of ¢(g).

Proposition 2.7 [12]

Let A and B be abelian groups. The properties of
the ordinary tensor product of two abelian groups
are given as the following.

() By,®A=zA
(i) B, ®B, = B,.

Proposition 2.8 [13]

Let G be agroup and H <G andlet a,b € G. Then,
() aH=H ifandonlyif aeH,
(i) aH =bH if and onlyif a € bH,
(i) aH =bH or aH NbH =,

(iv) aH =bH ifand onlyif a b e H.

Proposition 2.9 [14]

Let G and H be groups such that there is an
epimorphism 7:G —> H . Then, there exists an
epimorphism a:G®G - H ®H such that a(g®h) =

n(g) ®n(h) forall g,heG.

Proposition 2.10 [15]

let G be any group. Then the natural
homomorphism u:G—>G/G induces  the
epimorphism

f:[G,G’]1— (G/G)®(G/G")

with [x, y?1 #(x) ® u(y) forall X and y in G.

3.0 RESULTS AND DISCUSSION

In this section, the abelianizations of the groups S, (3)

and S, (3) are constructed first.

Lemma 3.1
The group $S,(3) has the derived subgroup,

81(3)':<I1*2,I2*2,I1I2*1I3> and its abelianization,

5,3% =(2%,(3), a8 (3)) =C,”.

Proof. From relation in (1.1), a, commutes with |,
and a, commutes with |,. Then, we have,

-1 -1 1y -1 -1
lag. & ] =apaa, “a " =al Ll 3 =1l

B L A
[ag. L1=2aglay L, " =171, " =17,

-1
l5,

T A R
[ag. 3]=aglyay ;" =131 " =137,
-1 -2
I~ =1

[a. 1= "3‘1'131_1'1_1 =L 1o
[, 15]= allsalillsil = lsillsil = |372| and
[Ii,lj]zl for 1<i, j<3.

Then,  §,3)'=(l,%1,% ;% L, ;). However,

some of the generators of S;(3) can be written as a
product of other
L7 =(,71) 7 0,5)70,7). S,(3) is a polycyclic group

generated by polycyclic generating sequences a,,

generators such as

a, b, I, and l. Therefore, §,(3)" = (I, %,1, %, 11, l5).
The factor group of 81(3)ab is generated by
23,5,(3)" 45,(3)" 1,5,3)" 1,53 and  1,5,(3)".
Since Illz’llsesl(s)',then by Proposition 2.8(iv)

1,5,(3)'=1,"'1,8,(3)'=a,’a, °S,(3)". Based on the

relations in  (1.1), (;IOZ:I{l and a12:|271. By
Proposiion  2.8(ii),  a,°S,(3)'"1,'S,(3)'  and
a1281 3)'m szlSI 3)' is not trivial since
28,°5,(3)'=1,'5,(3)" and a°s,(3)'=1,'S,(3)". By
Proposition 2.8(i), a,” €1 'S (3" and a° €l,”'S (3)"
which implies a, €l 'S (3)' and a el 'S (3)".

Therefore, it can be concluded that
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. -1 . . -1 ,
2,5,(3) =|1 S and S =I2 53" Hence,

b ' '
$,% =(a5.(3)", a5:(3)).
Next, the order of 3081(3)' and a131(3)' will be
determined. By the relation in (1.1).
2 -1 2 -1 4 2 _4 2
a, :I1 ,a1:I2 , then a, :Il ,a1:I2 . Since
Il_z, IZ_2 € 51(3) ', therefore, the cosets of a,S,(3)' and

a,5,(3)' have order 4. Hence,
8,9 =(a5.(3), &5,(3)) = C, xC,. O

Lemma 3.2
The group S,(3) has the derived subgroup,

52(3)'=<|1—2,|1—1|2> and ifs  abelianization,

$,(3™ =(25,(3)", @S,(3)") = C, xC,.

Proof. From relation in (1.2), a, commutes with |,, 1,
and a, commutes with |, 1;. Then, we have,

a1 11 -1
[ag. ] =apaa, 3 " =al 1, a "=l 1,

T T

[ag. h1=2agkay | =1 7, " =1 ",
T A

[a,.L1=ala 1, =1,"71,"=1,", and

[I;,1;1=1 for 1<i, j<3.

Then, S,(3)'= <I{2, I, 2, 1,711, > However, some of
the generators can be written as a product of other
generators. Here, I{Z:(I{llz)z(lzfz). Thus, §,(3) is a
polycyclic group generated by polycyclic
generafing sequences a,, a;, kL, l,and L.

Therefore, S, (3)" = <|1*2, Ik, >

The factor group of 32(3)6lb is generated by
a,5,(3)", &S,(3)"1,S,3)" 1,5,(3)" and 1,5,(3)".
Since Il_llzeSZ(S)', then by Proposition 2.8(iv)
I271$2(3)':I17182(3)'. However, based on the
relations in (1.2), a°=I"". By Proposition 2.8fii.
afsz B)'n |17152 3’ is not trivial since
a1282(3)'=I17182(3)'. By Proposition 2.8(i) and
a’ el7'S,(3)" which implies & €1 'S,(3)". Hence,

1

a182(3)':ll_152(3)'. Besides, aO2 :I271I37 and since

a, commutes with 15, then

1,5,(3)" =a, °1,7'S,(3) = a, I, 'S,(3) = 3, *a,°S,(3)".
Therefore, S, (3)‘3lb = <a082(3)', 61152(3)'>.

Next, the order of a082(3)' and a182(3)' will be
defermined. By the relation in (1.2), 312 :Il_l, then
a14:I272. Since IlfzeSl(?,)', then the cosets of
a182(3)' has order 4. Next we want to show that
alOS2 (3)' has infinite order. Suppose that the order of
a082(3)' is finite. However, for any integer r eZ,
there is no aor in 82(3)‘ which cannot be written as

any element of 52(3)'. So, the cosets of aOS2 (3)' has

infinite order. Hence,
b , .
S, =(205:(3)" &S,(3)) = C, xC,. o

Theorem 3.1
The central subgroup of the nonabelion tensor

squares of S;(3) .
V(5,(3)) = ([ag. a0 1.[ay.&" 1.[89. 8" 1[ay,80]) = C, x Cy” .

Proof. By Lemma 3.1, 81(3)ab is generated by the
cosets a,5,(3)' and &5,(3)". Then, by Proposition
2.2, V(S,(3)) is generated by [ay,a,”], [a,38"]and

[ao,al(p][al,aoq"]. Next the order of each generator
will be determined.

[ao’aolp]l(i _ [a04’a04(p]
=0,7%0,7]

=1 since Il_2 €S, (3)".

by Proposition 2.5(i)

, 2 _ (1
since a; =1,

la,2,"1° =[a",a"] by Proposition 2.5()

=[1,72,1,7%]

=1 since szz €S5,(3)".

, 2 _ 1
since a; =1,

Hence, the orders of [a,,8,"] and [a;,&"] divides
16.

. 4 _ -2 '
However, since a, =1, " €53 and

314 = I‘,__2 € 5,(3)' then by Proposition 2.4(ii),
[a,. (3,")"1=[ay. (1, *)’1;

[ay, (, 2)71=11,7%,a,"17
[a,, ()70, % 2”1 =1;
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4 4
[a,. (8, )18, . a,"1=1; and

[ao,aoq”]gzl.

By using similar arguments, [al,al‘p]8 =1. Then.the
order of [a,,3,"] and [a;,8"] are not 16.
We denote the abelianization of S,(3) by 81(3)ab

with natural homomorphism
7:5,03)->S0B%  (38.1)

Since 81(3)ab is finitely generated then its
nonabelian tensor square is simply ordinary tensor
product of two copies of 31(3)abEC4><C4. By
Proposition 2.7,

5,* ®5,(3” =C, xC, xC,xC, (32

By Lemma 3.1 and equation (3.1), the group
Sl(3)ab is generated by n(a,) and 7(a;) of order 4.
Proposition 2.7 gives, <77(a0)6<)77(€:10)>;C4 and
<77(a1)®77(a1)>;C4. By Proposition 2.9, there is a
natural epimorphism «:S,(3)®S,(3) —>Sl(3)ab ®Sl(3)ab.
Therefore, the image a(a, ®a,) =n(a,) ®n(a,) and
a(a, ®a)=n(a,)®n(a) have order 4. By
Proposition 2.6, the order of 77(a,) ® r7(a,) divides the
order of (a,®a,)and the order of 75(a)®n(a)
divides the order of (a, ® &;). Therefore, the order of
(3 ®ay) =[ay,a,”] ond (a, ®a)=[a,8"] must

multiple of 4. It is either 4 or 8. However, the order of
[ay,8,”]1 and [a;,8,”] cannot be 4 since:

[a,.8,"1" =[a,", 2,1 by Proposition 2.5(i)

=0, since a,” =1,
#1 since Il_1 ¢ S5,(3)
Also, since I2_l ¢ 5,(3)" then

[3121312(0]4=[312.312¢]=[|2_1,|2_¢]¢1. Hence, the

order of [a,,8,"] and [a,,a"] are 8.

By using Proposition 2.4(ii) and Proposition 2.5(ii) we
also have,

(CHENS |ENENS N ENE NS ENENS

207y -2
=[ag. 1, 10, a"]
-2 “2p1-1
=[ay, 1, 1&g, 1, "1
=1.
Hence, the order of [a,,a,"1[a,,a,” ] divides 4.

(3.3)
By Lemma 3.1 and equation (3.1), the group

51(3)6lb is generated by n(a,) and n(a;) of order 4.
Proposition 2.7 gives, <77(a0)®77(al)> =C, and
(n(a,) ®n(ay)) =C,.

By Proposition 2.9, there is a natural epimorphism
a:5(3)®S,(3) —>Sl(3)a’D ®Sl(3)ab. Therefore, the image
al(2, ®a,)(a, ®ay)) = (2, Ba,)a(a, ®ay) = (1(a) ®17(a,)
(n(a,))®n(a,)) has order 4. By Proposition 2.6, the
order of (n(a;) ®n(a,)) (7(a,) ®n(a,)) divides the order
of (a,®a)(a, ®a,). Therefore, the order of

(8, ®a,)(a, ®a,) =[a,,a,"1[a,,a,"] must multiple of
4. However, by (3.3) the order of [ao,al‘/’][al,aog"]

divides 4. Hence, the order of [a,,8"1[a;,a,"] is
exactly 4. Then,

V(5,3 = (I3, 1 [89, 3], [3, " [, 8,"1])
=C, xCy’. O

Theorem 3.2
The central subgroup of the nonabelion tensor

square of S,(3),

V(S,(3)) = {[a0,a0"1.[an. &1 [ag,&”1[ay,30”]) = C, x Cg x C.

Proof. By Lemma 3.2, 52(3)ab is generated by the
cosets a,5,(3)" and &5,(3)". Then, by Proposition
2.2, V(S,(3)) is generated by [ay,a,"], [a,,8,"] and

[ay,8,"1[a;,a,”]. Next the order of each generator
will be determined.

[a,.2°T° =[a,*,a,"] by Proposition 2.5(i)

=0,

=1 since Ilf2 €S,(3)".

, 2 _ (1
since a; =1,

Hence, the order of [a,,a,”] divides 16.

However, since a14 = Ilf2 €S,(3)" and Proposition
2.4(ii), then
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[ay. (&,") 1=y, ()]
[ay, (,)1=0" 271
[a, (1,720, 2, 1= 1;
[a;, (3") 12" 2,"]=1; and
[a,a"] =1.
Hence, the order of [a,,a,°] is 8. Then, the order of
[a,,a,”] isnot 16.
We denote the abelianization of S, (3) by S, (3)ab

with natural homomorphism
7:5,(3) > 5,3  (34)

Since 82(3)ab is finitely generated then its
nonabelian tensor square is simply ordinary tensor
product of two copies of SZ(S)ab;C4><C0. By
Proposition 2.7,

$,(% ®5,(3)” =C, xC, xC,xC, (3]

By Lemma 3.2 and equation (3.4), the group
82(3)ab is generated by 7(a,) and 7(a;) of infinite
order and order 4 respectively. Proposition 2.7 gives,
<77(a1)®77(a1)>;C4. By Proposition 2.9, there is a
natural epimorphism «:§,(3) ®S,(3) —>SZ(3)ab ®SZ(3)ab.
Therefore, the image a(a, ®a,) =n(a)®n(a;) has
order 4. By Proposition 2.6, the order of 7(a,) ®n(a,)
divides the order of (a, ® a;). Therefore, the order of

(3, ®a,) =[a,,8"] must multiple of 4. It is either 4 or

8. However, the order of [a,,,”] cannot be 4 since:

la. 8’1" =[a°, 8] by Proposition 2.5 (i)

=[5,

#1 since I, ¢5,(3)"

. 2 _ -1
since a,” =1,

Hence, the order of [a;,8,”] is 8.

By Lemma 3.2, the group 82(3)a]D is generated by

n(ay) andn(a;) of infinite order and order 4
respectively. By Proposition 2.7, gives
<77(a0)®77(a0)>zC0. Note that there is a natural

homomorphism «a:G®G — c* ®G™. Therefore,
the image a(a, ®a;) =n(a,)®n(a,) has infinite

order. By Proposition 2.8, a, ®a;has infinite order

and [a,,a,"] also has infinite order. Next,

([ao,611‘0][&11,a0“’])4 = [ao,aiw][af,ao‘”] by Proposition 2.5(i)
=[a,, 1,270, 7, a,”] by relation S, (3)
= [ao,ll'zw][ao, Il'Z“’]_1 by Proposition 2.4(ii)
=1
Hence, the order of [a,,a,”][a,, a,”] divides 4.
(3.6)

By Lemma 3.2 and equation (3.4), the group

82(3)ab is generated by n(a,) and n(a) of order
infinife and order 4 respectively. Proposition 2.7 gives,

(n(ay) ®n(a)) = C, and (n(a,) ®n(ay)) = C,.

By Proposition 2.9, there is a natural epimorphism

2:5,(3)®5,(3) > 5, ®5,(8).  Therefore,  the

image a((a, ®a)(a, ®a;)) = a(a, ®a)a(a ®a))
= (n(ay) ®n(a;))(n(a,) ®n(ay)) has order 4. By
Proposition 2.6, the order of

(n(ay) ®n(a)) (n(a,) ®n(ay)) divides the order of
(8, ®a,)(a, ®a).
(8, ®a,)(a, ®a,) =[a,,a,"1[a,a,"] must multiple of
4. However, by (3.6) the order of [ao,al‘/’][al,aog"]

Therefore, the order  of

divides 4. Hence, the order of [a,,8"1[a;,a,"] is
exactly 4. Therefore,
V(S,(3) = ([, 81, [3, "), [, 8, 1[2, 3,"1)

=C, xCygxC,. a

4.0 CONCLUSION

In this study, the central subgroups of the nonabelian
tensor squares of two Bieberbach groups with

elementary abelian 2-group point group, C, xC, of

dimension 3, §,(3) and S,(3) are computed. The

findings of this study, can be used for further research
fo compute the nonabelian tensor squares of

Bieberbach group with point group C, xC,.
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