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Abstract 
 

The compatible actions played an important role before determining 

the nonabelian tensor product of groups. Different compatible pair of 

actions gives a different nonabelian tensor product even for the same 

group. The aim of this paper is to determine the exact number of the 

compatible pair of actions for the finite cyclic groups of p-power order 

where p is an odd prime. By using the necessary and sufficient number 

theoretical conditions for a pair of the actions to be compatible with the 

actions that have p-power order, the exact number of the compatible 

pair of actions for the finite cyclic groups of p-power order has been 

determined and given as a main result in this paper.    

 

Keywords: Nonabelian tensor product, cyclic groups, automorphism 

group, compatible actions, number theory 

 

Abstrak 

 
Tindakan yang serasi memainkan peranan penting sebelum 

menentukan kumpulan hasil darab tensor tak abelan. Pasangan 

tindakan serasi yang berbeza memberikan kumpulan hasil darab tensor 

yang berlainan walaupun daripada kumpulan yang sama. Objektif 

kajian ini adalah untuk menentukan jumlah sebenar pasangan tindakan 

serasi bagi kumpulan kitaran terhingga berperingkat kuasa p dengan p 

ialah nombor ganjil perdana. Dengan menggunakan syarat perlu dan 

cukup teori nombor untuk sepasang tindakan menjadi serasi dengan 

tindakan yang berperingkat kuasa p, jumlah sebenar pasangan 

tindakan serasi kumpulan kitaran terhingga berperingkat kuasa p telah 

ditentukan dan diberikan sebagai hasil utama dalam makalah ini. 
 

Kata kunci: Hasil darab tensor tak abelan, kumpulan kitaran, kumpulan 

automorfisma, tindakan serasi, teori nombor 
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1.0  INTRODUCTION 
 

The nonabelian tensor product of groups has been 

discussed since 1984. Brown and Loday [1] were the 

first who introduced the concept of the nonabelian 

tensor product of groups with the compatible 

actions. This concept was originated in a connection 

with a generalized Van Kampen Theorem and its 

construction has its origins in the algebraic K-theory 

and also in the homotopy theory. Given two groups 

G and H, then the nonabelian tensor product G H  

is the group generated by g h  satisfying the 

following relations 

     ( )( )g ggg h g h g h  and     ( )( )h hg hh g h g h  

for all  ,g g G  and , .h h H  If G and H be groups 

which act on each other and each of which acts on 

itself by conjugation and satisfying   


 
1( )  ( ( ))

g h g h gg g  and 


 
1( )  ( ( ))

h g h g hh h  

for all  ,g g G and , ,h h H then the actions are said 

to be compatible.  
A paper by Brown et al. [2] motivated many 

researchers to investigate several types of groups 

with the nonabelian tensor product and the 

nonabelian tensor square. Some known results with 

an overview on the nonabelian tensor product and 

literature was illustrated by Kappe [3]. Many 

researchers had studied the nonabelian tensor 

square  ,G G  since the actions are trivial and easily 

to check the compatibility conditions. If  ,G H  then 

it’s in needed to check the compatible of the actions 

when the actions are nontrivial. 

Ellis and McDermott [4] investigated the 

nonabelian tensor product for different groups and 

checked the compatible conditions of nontrivial 

actions, but only focused on the quaternion groups 

of order up to 32. Visscher [5] continued the study on 

the nonabelian tensor product of p-power order, 

where p is prime, and he focused on the cyclic 

groups. He computed some of the nonabelian tensor 

product of the cyclic groups of p-power order and 

gives a complete classification of the nonabelian 

tensor product of cyclic groups of 2-power order with 

mutual nontrivial actions of order two. Visscher [5] 

also provided necessary and sufficient conditions for 

a pair of finite cyclic groups of p-power order to act 

compatibility on each other.  

Next, Mohamad [6] continued with Visscher’s 

work and he gave new necessary and sufficient 

conditions for a pair of finite cyclic groups of p-power 

order to act compatibility on each other with the 

conditions are depend on the order of the action. 

Mohamad et al. [7] also provided the compatibility 

conditions and the nonabelian tensor product of the 

cyclic groups of order 2p  with the actions of order p. 

Three years later, Sulaiman et al. [8] computed 

the compatible pair of nontrivial actions for some 

cyclic groups of 2-power order involving at least one 

of the actions having order greater than two.       

Sulaiman et al. [9] have studied the compatible pair 

of nontrivial actions for two same finite cyclic 2-

groups of 2-power order and provided the exact 

number of the compatible pair of nontrivial actions 

for such type groups with the actions that have a 

same order while Mohamad [10] give the number of 

compatible pair of actions for two same cyclic 

groups of 2-power order for all order of actions. 

Furthermore, Sulaiman et al. [11] give more general 

results which determined the maximum number of 

different nonabelian tensor product for the two finite 

cyclic groups of 2-power order by computing the 

exact number of the compatible pairs of actions for 

the given nonabelian tensor product for such type of 

groups.  

Besides that, Shahoodh et al. [12] determined the 

compatible pair of nontrivial actions for cyclic groups 

of 3-power order. However, they gave some 

necessary and sufficient number of theoretical 

conditions for a pair of finite cyclic groups of 3-power 

order with nontrivial actions to act compatibly on 

each other with the actions that have order three 

and nine satisfy the compatibility conditions.  

In this paper, the aim is to provide the exact 

number of the compatible pairs of actions for the 

finite cyclic groups of p-power order where p is an 

odd prime. GAP software [13] is used to compute the 

compatible actions for the finite cyclic groups of      

p-power order where p is an odd prime. 

In section 2, some definitions and related results 

on the automorphism of cyclic groups of p-power 

order, number theory and compatible actions are 

given. Then, the number of the compatible pair of 

actions for the finite cyclic groups of p-power order 

where p is an odd prime is given in Section 3.  Lastly, 

the conclusions of this paper are given in Section 4.  

 

 

2.0  METHODOLOGY 
 

In this section, some definitions and related results on 

the automorphism of cyclic groups of p-power order, 

number theory and compatible actions are stated 

and will be used to prove the new results. Started 

with definitions of an action and compatible actions 

that are given as follows: 

 

Definition 2.1 [5] 

Let G and H be cyclic groups. An action of G on H is 

a mapping,  : Aut( )G H  such that  

    ( )( ) ( )( ( )( ))gg h g g h  

for all  ,g g G and  .h H  

 

Definition 2.2 [5] 

Let G and H be groups which act on each other and 

each of which acts on itself by conjugation. Then the 

actions are compatible if 


 
1( )  ( ( ))

g h g h gg g  and


 
1( )  ( ( ))

h g h g hh h  

for all  ,g g G and , .h h H  
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Next, the automorphism of the finite cyclic group of 

p-power order is an isomorphic with a direct product 

of two finite cyclic groups as stated in following 

theorem. 

 

Theorem 2.1 [14] Let p be an odd prime and   .  

If G is a cyclic group of order  ,p  then  

    
  1 11 ( 1)

Aut(C )
pp p p p

C C C  

and 

     1Aut(C ) ( ) ( 1) .
p

p p p  

Now, the Euler Phi-function for a given positive 

integer is stated in the following definition. 

Definition 2.3 [15] Euler’s φ-function 

For 1m , the Euler’s Phi-function, denoted by ( ),m  

is the number of the positive integers not exceeding 

m that are relatively prime with m. 

The following corollary gives that the trivial action is 

always compatible with any other action. 

Corollary 2.1[5] Let G and H be groups. Furthermore, 

let G act trivially on H. If G is abelian, then for any 

action of H on G the mutual actions are compatible. 

 

For the case of two finite cyclic groups of p-power 

order where p is an odd prime, the theorem below 

stated the compatibility for the pair of the actions 

that have p-power order. 

  

Theorem 2.2 [6] Let  
p

G g C  and  
p

H h C  

where   , 2.  Furthermore, let Aut( )G  with 

  kp where  1,2,..., 1k  and Aut( )H  with 


  kp where   1,2,..., 1.k  Then   ( , )  is a 

compatible pair if and only if    min , .k k  

In the next section, all the results for the number of 

the compatible pair of actions for the finite cyclic 

groups of p-power order where p is an odd prime are 

given. 

 
 

3.0  RESULTS AND DISCUSSION 
 
In this section, the number of the compatible pair of 

actions is determined. According to the order of the 

actions between two finite cyclic groups of p-power 

order that satisfying the compatibility conditions, the 

number of the compatible pair of actions that have 

p-power order for such type groups has been 

determined. Since the finite cyclic groups of p-power 

order are considered, then an action of a group G 

on a group H is the homomorphism from G to Aut(H) 

and an action of a group H on a group G is the 

homomorphism from H to Aut(G). Hence, the number 

of the automorphisms of such type groups needs to 

be find first. Thus, the number of the automorphisms 

for the finite cyclic groups of p-power order with 

respective order is given in the following proposition. 

 

Proposition 3.1 Let  
p

G x C  be a finite cyclic 

group of p-power order with p is an odd prime and 

  .  Then, there exist  1( 1) kp p  automorphism of 

order kp  where   1,2,..., 1.k  

Proof. Let  
p

G x C  be a finite cyclic group of p-

power order with p is an odd prime and  .  

Without loss of generality, suppose that H be a finite 

cyclic p-subgroup of G such that  kH p  where 

 1,2,..., 1.k  Thus, each element that relatively 

prime with kp  has an order .kp  Since H be a cyclic 

subgroup, by Definition 2.3, we have 

   1( ) ( 1)k kp p p which give the number of the 

automorphisms that have order .kp                                                                                                                                                                                                      

Next, the number of the compatible pair of 

actions for the finite cyclic groups of p-power order is 

determined. Suppose that one of the actions has an 

order one, then the number of the compatible pair of 

actions for such type of groups given in the following 

proposition. 

Proposition 3.2 Let 
p

G C  and 
p

H C  be finite 

cyclic groups of p-power order. Furthermore, let 

 Aut( )G with  1 and   , 1. Then, the number 

of the compatible pair of actions is   1( 1) .p p  

 

Proof. Let 
p

G C and 
p

H C  be finite cyclic groups 

of p-power order. Furthermore, let  Aut( )G  with 

 1 and   , 1.  By Corollary 2.1, when G act 

trivially on H, then any action of H on G the mutual 

actions are compatible. Thus, by Theorem 2.1, 
   1Aut( ) ( 1)H p p  is the number of the compatible 

pairs of actions.                                                               
                                                                                                                                          

Now, the number of the compatible pair of 

actions for the two finite cyclic groups of p-power 

order where p is an odd prime has been determined 

when one of the actions has an order kp where 

1,2,..., 1.k    By using the necessary and sufficient 

number theoretical conditions for such type groups, 

the number of the compatible pair of actions for the 

specific value of k is given as follows. 

Proposition 3.3 Let 
p

G C and 
p

H C  be finite 

cyclic groups of p-power order. Furthermore, let 

 Aut( )G  with    kp   where  1,2,..., 1k  

and Aut( )H  such that   , 3.  Then the number 
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of the compatible pairs of actions is 

  



   1 1 1

1

( 1) ( 1) ( 1)
r

k k i

i

p p p p p p when  1,2,..., 1k and

   min , .r k  

Proof. Let 
p

G C and 
p

H C  be finite cyclic groups 

of p-power order. Furthermore, let  Aut( )G and 

  kp  where  1,2,..., 1k  and Aut( )H  such 

that   , 3.  By Proposition 3.1, there are  1( 1) kp p  

automorphisms of order kp  where  1,2,..., 1k  and 

by Theorem 2.2, the actions are compatible with 

 1 and   .kp Thus, we shall consider into two 

cases as follows:  

 

Case I: Suppose that  1, then by Corollary 2.1, 

when one of the actions is trivial, then the actions are 

compatible. Thus, there are 
 1( 1) kp p  compatible 

pairs of actions under this case.  

 

Case II: Suppose that   kp  where  1,2,..., 1k  

and by Theorem 2.2, the actions are compatible 

when    min , .k k Hence, the number of the 

compatible pair of actions for every k is the 

summation of the possibilities of the actions to be 

compatible, which are 

        


1 1 2 1 3 1( 1) ( 1) ( 1)p p p p p p  

           


1 1 2 1 1 1( 1) ( 1) ( 1) ...p p p p p p  

    





  
 

 

min , 1

1

1

( 1)

( 1)

k

r
i

i

p p

p p
 

where    min , .r k   By  Proposition  3.1, there are 
 1( 1) kp p  automorphisms of  order .kp  Thus, there are 

 



 1 1

1

( 1) ( 1)
r

k i

i

p p p p  compatible pairs of actions 

under this case.  
Therefore, in total there are 

  



   1 1 1

1

( 1) ( 1) ( 1)
r

k k i

i

p p p p p p  compatible pairs of 

actions with    min , .r k                                         

                                                                                                   

The following proposition gives the total number of 

the compatible pairs of actions for two finite cyclic 

groups of p-power order when one of the actions has 

the p-power order.    
 

Proposition 3.4 Let  
p

G x C and  
p

H y C  

where   , 3. Furthermore, let  and   are 

elements of Aut( )G  and Aut( )H  respectively with 

  kp  where  1,2,..., 1.k  Then the total number 

of the compatible pairs of actions is 
    

  

  

     
1 1 1

1 1 1

1 1 1

( 1) ( 1) ( 1)
r

k k i

k k k

p p p p p p  when 

 1,2,..., 1k  and    min , .r k  

Proof. Let  
p

G x C  and  
p

H y C  where 

  , 3.  Furthermore, suppose that  and  are 

elements of Aut( )G  and Aut( )H  respectively with 

  kp  where  1,2,..., 1.k  By Proposition 3.3, there 

are 

  



   1 1 1

1

( 1) ( 1) ( 1)
r

k k i

i

p p p p p p  

compatible pairs of actions  when   1,2,..., 1k   

and    min , .r k  Then in total if all k’s are 

consider then the number of actions are given in the 

following 

    



 
    

 
1 1 1 1 1

1

( 1) ( 1) ( 1)
r

i

i

p p p p p p  

  



 
      
 

2 1 2 1 1

1

( 1) ( 1) ( 1)
r

i

i

p p p p p p  

     



 
     
 

( 1) 1 ( 1) 1 1

1

( 1) ( 1) ( 1)
r

i

i

p p p p p p  

 
  

 

 
     

 
 

1
1 1 1

1 1

( 1) ( 1) ( 1)
r

k k i

k i

p p p p p p                                       

    
  

   

      
1 1 1

1 1 1

1 1 1 1

( 1) ( 1) ( 1) .
r

k k i

k k k i

p p p p p p  

Therefore, there are  
    

  

   

     
1 1 1

1 1 1

1 1 1 1

( 1) ( 1) ( 1)
r

k k i

k k k i

p p p p p p  

compatible pairs of actions.                                          
  

In general, the number of the compatible pair of 

actions for the two finite cyclic groups of p-power 

order where p is an odd prime for the given 

nonabelian tensor product  
p p

C C is given in the 

following theorem.  

Theorem 3.1 Let  
p

G x C and  
p

H y C be 

finite cyclic groups of p-power order with   , 3.  

Then, there exist  
  


  

   

   

       
1 1 1

1 1 1 1

1 1 1 1

( 1) ( 1) ( 1) ( 1)
r

k k i

k k k i

p p p p p p p p  

compatible pairs of actions when  1,2,..., 1k and 

   min , .r k  

 

Proof. Let  
p

G x C and 
p

H y C    be finite 

cyclic groups of p-power order. Furthermore, let 

 Aut( )G  and Aut( )H  with  , 3.  The number 

of the compatible pairs of actions with specific order 

can be determined by separating into two cases 
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which are  1 and   kp  where  1,2,..., 1k  as 

follows. 

Case I:  Suppose that  1.  By Proposition 3.2, when 

one of the actions is trivial, then the number of the 

compatible pair of actions is   1( 1) .p p  

Case II:  Suppose that   kp where  1,2,..., 1.k  By 

Proposition 3.4, the number of the compatible pair of 

actions are 
    

  

   

     
1 1 1

1 1 1

1 1 1 1

( 1) ( 1) ( 1)
r

k k i

k k k i

p p p p p p  

when  1,2,..., 1k and    min , .r k  

Hence, in total the number of the compatible pairs of 

actions for the finite cyclic groups of p-power order 

where p is an odd prime are 
  


  

   

   

       
1 1 1

1 1 1 1

1 1 1 1

( 1) ( 1) ( 1) ( 1) .
r

k k i

k k k i

p p p p p p p p        

    
By using Theorem 3.1, the number of the 

compatible pair of actions for the finite cyclic           

groups of p-power order where p is an odd prime has 

been determined. Next, an example is given to 

illustrate the number of the compatible pair of 

actions for a given two finite cyclic groups of p-

power order. 

 

Example 3.1 Let  33
G C and  43

H C be finite cyclic 

groups of 3-power order. Now, consider the actions 

of G and H act on each other such that g lh h  and 

h kg g for g G and h H with , .k l  By Theorem 

3.1 the number of the compatible pair of actions is 
2 2 2 3

4 1 1 1 1

1 1 1 1

(3 1)3 (3 1)3 (3 1)3 (3 1)3 90.
k

k k i

k k k i


   

   

          

Table 1 illustrated the number of the compatible 

pairs of actions for 3 43 3
C C  given by using GAP 

software. From Table 1, there are 09 compatible pairs 

of actions for 3 43 3
.C C  Hence, the result from 

Theorem 3.1 is equivalent with the number of the 

compatible pairs of actions given in Table 1.  

Next, the number of the compatible pair of 

actions for the finite cyclic groups of p-power order 

has been presented when the groups are the same. 

According to Theorem 3.1, the number of the 

compatible pairs of actions is given in Corollary 3.1. 
 

Table 1 Compatible pair of actions for 3 43 3
C C  with the 

actions g lh h  and h kg g  for   33
g g C  and 

  43
h h C  where 

, .k l  

 

  k  l       k  l    

1 1 1 1  1 1 68 54 

1 1 2 54  1 1 70 27 

1 1 4 27  1 1 71 18 

1 1 5 54  1 1 73 9 

1 1 7 27  1 1 74 54 

1 1 8 18  1 1 76 27 

1 1 10 9  1 1 77 54 

1 1 11 54  1 1 79 27 

1 1 13 27  1 1 80 2 

1 1 14 54  9 4 1 1 

1 1 16 27  9 4 28 3 

1 1 17 18  9 4 55 3 

1 1 19 9  9 7 1 1 

1 1 20 54  9 7 28 3 

1 1 22 27  9 7 55 3 

1 1 23 54  3 10 1 1 

1 1 25 27  3 10 10 9 

1 1 26 6  3 10 19 9 

1 1 28 3  3 10 28 3 

1 1 29 54  3 10 37 9 

1 1 31 27  3 10 46 9 

1 1 32 54  3 10 55 3 

1 1 34 27  3 10 64 9 

1 1 35 18  3 10 73 9 

1 1 37 9  9 13 1 1 

1 1 38 54  9 13 28 3 

1 1 40 27  9 13 55 3 

1 1 41 54  9 16 1 1 

1 1 43 27  9 16 28 3 

1 1 44 18  9 16 55 3 

1 1 46 9  3 19 1 1 

1 1 47 54  3 19 10 9 

1 1 49 27  3 19 19 9 

1 1 50 54  3 19 28 3 

1 1 52 27  3 19 37 9 

1 1 53 6  3 19 46 9 

1 1 55 3  3 19 55 3 

1 1 56 54  3 19 64 9 

1 1 58 27  3 19 73 9 

1 1 59 54  9 22 1 1 

1 1 61 27  9 22 28 3 

1 1 62 18  9 22 55 3 

1 1 64 9  9 25 1 1 

1 1 65 54  9 25 28 3 

1 1 67 27  9 25 55 3 

 

  

Corollary 3.1 Let  
p

G H C  be finite cyclic group of 

p-power order with p is an odd prime and   3.  

Then, there are  
   


   

   

   

       
1 1 1

1 1 1 1

1 1 1 1

( 1) ( 1) ( 1) ( 1)
k

k k i

k k k i

p p p p p p p p  

compatible pairs of actions. 
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Proof. Let  
p

G H C  be finite cyclic group of           

p-power order with p is an odd prime and   3.  

Since   ,G H  then     min , .  Therefore by 

Theorem 3.1, there are 

 
   


   

   

   

       
1 1 1

1 1 1 1

1 1 1 1

( 1) ( 1) ( 1) ( 1)
k

k k i

k k k i

p p p p p p p p  

compatible pairs of actions.                                                        

In particularly, the number of the compatible pair 

of nontrivial actions that have p-power order for 

nonabelian tensor product  
p p

C C  and  
p p

C C   

are equal. This result is given in the following theorem. 

Theorem 3.2 Let  
p

G x C  and  
p

H y C  be 

finite cyclic groups of p-power order with   , 3.  

Then the number of the compatible pair of nontrivial 

actions that have p-power order for the nonabelian 

tensor product   
p p

C C  and  
p p

C C  are equal.  

Proof. Let  
p

G x C and  
p

H y C be finite 

cyclic groups of p-power order with   , 3.  By 

Proposition 3.4, there are 
  

 

  

  
1 1

1 1

1 1 1

( 1) ( 1)
r

k i

k k i

p p p p  

compatible pairs of nontrivial actions when 

 1,2,..., 1k  and    min , .r k  Since 

         min , min ,r k k , then for any given 

nonabelian tensor product  
p p

C C  or  
p p

C C , 

the number of compatible pairs of nontrivial actions 

are same.                                                                                                                                                                                 
 
 

4.0  CONCLUSION 
 

The exact number of the compatible pair of actions 

between a pair of the finite cyclic 2-groups of p-

power order where p is an odd prime has been 

given. By using the necessary and sufficient 

conditions for the pair of the actions to be 

compatible with the actions that have p-power order 

satisfying the compatibility conditions, the number of 

the compatible pair of actions is determined.  This 

paper also gives the number of the compatible pair 

of actions for the same such type groups with the 

actions that have p-power order. The obtained 

results gives that the number of the compatible pair 

of nontrivial actions for the given nonabelian tensor 

product for such type groups are equal. 
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