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Abstract 
 

A novel proposition has been introduced in this study for resolving delay 

differential equations (DDEs) of nature that is a composite in reference 

to Homotopy perturbation method (HPM) along with Sumudu transform. 

A rare transform called the Sumudu transform is used alongside the 

perturbation theory. Demonstration of this new methodology is shown by 

solving a few numerical cases. Reducing the complication of 

computational tasks associated to the conservative means is the 

objective of this research. Results display the amount of valuation being 

reduced and is as good as in the previous studies as well in comparison. 
 

Keywords: Homotopy Perturbation Method, Delay Differential Equations, 

Sumudu Transform, Homotopy Perturbation Sumudu Transform Method 

 

Abstrak 
 

Proposisi baru telah diperkenalkan dalam kajian ini untuk menyelesaikan 

persamaan pembezaan tunda (PPT) alam semula jadi yang merupakan 

komposit merujuk kepada kaedah usikan Homotopy (HPM) bersama 

dengan transformasi Sumudu. Transformasi yang jarang dipanggil 

transformasi Sumudu digunakan bersama-sama teori gangguan. 

Demonstrasi metodologi baharu ini ditunjukkan dengan menyelesaikan 

beberapa kes berangka. Mengurangkan kerumitan tugas pengiraan 

yang dikaitkan dengan cara konservatif adalah objektif penyelidikan ini. 

Keputusan memaparkan jumlah penilaian yang dikurangkan dan sama 

baiknya dengan kajian terdahulu dan juga perbandingan. 
 

Kata kunci: Kaedah Usikan Homotopy, Persamaan Pembezaan Tunda, 

Transformasi Sumudu, Kaedah Usikan Homotopy Transformasi Sumudu 
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1.0 INTRODUCTION 
 

Delay differential equations (DDEs) has always been 

playing important roles in the history of many real-life 

occurrences in physics, engineering, biology, 

economics, medicine and many more. Recently, 

they are being used in many biological and 

population dynamics modelling extensively [9, 10, 12, 

22, 23, 24, 25, 26]. DDEs are an exceptional class of 

functional equations where a particular finite interval 

of the immediate past is included in the discovery of 

the present. Introduction of delay into the ordinary 

differential equations enhances its vitality and gives a 

rather accurate depiction of the real events. Unlike 

ODEs, DDEs need a historical value or interval which is 

then used as an initial value or interval in its model. As 
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such, the delay equations emerge as one of the 

multidimensional equations naturally that makes the 

analytical analysis of DDEs complex and as a result 

necessitates a numerical approach. 

 

DDE’s plain expression is, 

 

       (1) 

 

such that i = 1, 2, 3, …, n and  a constant delay. 

 

A small number of numerical approaches has 

been applied as a solution for DDEs in the recent 

times such as Anakira et al. engaged Optimal 

Homotopy Asymptotic Method (OHAM) for 

unravelling linear as well as non-linear DDE [11] 

whereas Alomari et al., 2009 [1] employed Homotopy 

Analysis Method (HAM) in discovering formula in the 

interest of DDE. Across every applied method, one of 

it is Homotopy Perturbation Method (HPM). HPM 

came to be primarily introduced by Ji Huan He, a 

Chinese mathematician [6, 7, 8]. Implementation of 

HPM to differential equations more often than usual 

deals with introducing a homotopy parameter which 

simplifies the system of equations which generally 

gives a simple solution. HPM is efficient in decreasing 

the amount of calculations greatly in any case yet 

retaining sharp precision of the numerical solution. 

This shows in the various application of the HPM in the 

field of engineering and physics [2, 3, 4, 13]. 

The disadvantage of the HPM is determining the 

small parameter which seems a little complicated. 

Furthermore, an inapt choice of such parameter 

leads to an erroneous result. This shortcoming could 

be solved by coupling the HPM with Sumudu 

transform [5, 14]. The Sumudu transform, having unit 

preserving properties, might be employed to 

decipher issues devoid of falling back to the 

frequency domain. The indicated property enables 

the operation of the clarification to be effortless and 

develops the accuracy as well. 

Fundamental stimulation in this study is 

lengthening the fresh well-founded stratagem in the 

direction of the unraveling of linear as well as 

nonlinear DDEs that occur to be in general 

perplexing to investigate on resulting from its 

multidimensional character and vast amplitude. 

 

 

2.0 METHODOLOGY 
 

2.1 The transform of Sumudu  

 

In early 90’s, Watugala [14] pioneered one fresh 

integral transform called Sumudu transform in 

addition to implementing the transform to resolving 

ODE in control engineering issues. Sumudu transform 

is described onto following set of functions 

                        (2) 
by succeeding formulation 

(3) 

or 

               (4) 

 

2.2 Combination of HPM and Sumudu transform 

(HPSTM)  

 

To elucidate elementary notion of this mechanism, a 

common nonlinear DE is assessed with its primary 

condition of the model: 

 

,              (5) 

 
,                                                   (6) 

 
whereupon  is the highest order linear differential 

operator (DO), ,  is the linear DO of 

reduced order than ,  denotes general nonlinear 

DO whereas  is the historical term. 

 

Implementing Sumudu transform on the two sides of 

Eq. (5), the following is obtained  

 

.  (7) 

 

Employing differential feature of Sumudu transform, 

we obtain 

 

,       

                                                                                         (8)                                                                               

or 

         (9)  
 

Promptly employing inverse Sumudu transform on 

two sides of Eq. (9), the subsequent is obtained 

 

         (10) 

or 

 

 (11) 

 

where  characterizes the expression surfacing 

from the historical term and the formulated 

preliminary settings. Subsequently, HPM is 

implemented, 

 

                           (12) 
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and the nonlinear expression might as well be 

disintegrated as  

 

                                (13) 

 

considering several He’s polynomial  that are 

specified as 

              (14) 

 

Replacing Eq. (12), (13) into Eq. (11), the following is 

obtained 

 

          (15) 

 

which is the pairing of HPM and Sumudu by means of 

He’s polynomials in which  is an embedding 

parameter. 

 

Equating the coefficient of like powers of , the 

subsequent estimates are obtained. 

 

                      (16) 

 

 (17) 

 

 (18) 

 

 (19) 

                        

(20) 

 

Continuing in this alike routine, the remaining 

components,  can be acquired entirely and the 

series resolution is thus determined completely. 

 

As a final point, we estimate the analytical solution  

 

   (21) 

 

Thus, an approximate solution is 

 

           (22) 

 

Solution of these series mostly converge rapidly.  

 

 

3.0 RESULTS & DISCUSSION  
 

Over this fragment, implementation of the 

methodology aforementioned is employed to several 

nonlinear DDEs. 

 

Example 3.1: Let us evaluate a nonlinear DDE of a first 

order, 

                 (23) 

 

Precise resolution is noted to be  

 

Implementing Sumudu transform on the two sides of 

Eq. (23), the following is obtained 

 

                           (24) 

 

Employing differential feature of Sumudu transform, 

we obtain 

 

                (25) 

 

        (26) 

 

Promptly employing inverse Sumudu transform on 

two sides of Eq. (26), the subsequent is obtained 

 

   (27) 

 

Subsequently, we implement the HPM, 

 

        (28) 

which is the pairing of HPM and Sumudu by means of 

He’s polynomials.  

 

Equating coefficients of equivalent powers of , the 

subsequent estimates are procured. 

 

                      

              

  

                                    

  

                              (29) 

  

             
                        

Hence, comparing the coefficient of like powers of  

as in Eq. (29), we actually get 

 
                         

            
             

                         

      (30) 
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Thus, an approximate solution will be  
 

 

             

             
 

Results obtained inclines towards forming the 

Taylor series expansion of  which is the exact 

solution. In order to verify numerically whether the 

proposed methodology maintains the accuracy, 

numerical solutions of the approximate solution was 

evaluated and compared with one of the previous 

studies using the Laplace Variational Iteration 

Method (LVIM). The absolute value of LVIM and 

HPSTM are compared in Table 1 while Figure 1 shows 

the behavior of the error between these two 

methods in Example 3.1. Results obtained are found 

to be in good agreement with each other. 

Calculation of terms of the sequence obtained from 

HPSTM can be done using mathematical packages 

such as Maple, Mathematica and Matlab. 
 

Table 1 Comparison of the absolute errors for Example 3.1 
 

  Absolute Error 

t Laplace VIM [21] HPSTM 

0.0 0 0 

0.1 0.0980877 0.0980877 

0.2 0.1951794 0.1951794 

0.3 0.290284 0.290284 

0.4 0.3824387 0.3824387 

0.5 0.4707035 0.4707035 

0.6 0.554168 0.554168 

0.7 0.632003 0.632003 

0.8 0.703398 0.703398 

0.9 0.767623 0.767623 

1.0 0.824018 0.824018 

 

 

Figure 1 Graphs of the absolute errors for some values of  

with LVIM and HPSTM for Example 3.1 

Example 3.2: Let’s consider the second order linear 

DDE.  

                                (31) 

The exact resolution is noted as . 

 

Implementing Sumudu transform on the two sides of 

Eq. (31), the following is obtained 

 

            (32) 

 

Employing differential feature of Sumudu transform, 

we obtain 

 

                                                                                      (33) 

                                   

        (34) 

Promptly employing inverse Sumudu transform on 

two sides of Eq. (34), the subsequent is obtained 

                        

        (35) 

 

Subsequently, we implement the HPM, 

 

             (36) 

 

which is the pairing of HPM and Sumudu by means of 

He’s polynomials. Equating coefficients of equivalent 

powers of , the subsequent estimates are procured. 

 

                                 

      

           (37) 

 

  

           
                        

 

Consequently, an approximate solution will be  

 
 

            
 

Convergence of estimates, to the precise solution,  

mayhap noted from the result. The absolute value of 

LVIM and HPSTM are compared in Table 2 while 

Figure 2 shows the behavior of the error between 
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these two methods in Example 3.2. The values show 

that the results are in excellent agreement with those 

of the other methods. 

 
Table 2 Comparison of the absolute errors for Example 3.2 

 

  Absolute Error 

t Laplace VIM [21] HPSTM 

0.0 0 0 

0.1 0 0 

0.2 0 0 

0.3 0 0 

0.4 0 0 

0.5 3E-10 3E-10 

0.6 1.6E-09 2.1E-09 

0.7 7.3E-09 9.7E-09 

0.8 2.78E-08 3.68E-08 

0.9 9.01E-08 1.196E-07 

1.0 2.585E-07 3.429E-07 

 

 

Figure 2 Graphs of the absolute errors for some values of  

with LVIM and SVIM for Example 3.2 

 

 

Example 3.3: Last but not least, let’s evaluate the 

third order nonlinear DDE. 

 

                                      (38) 

The exact resolution is noted as  

 

Implementing Sumudu transform on the two sides of 

Eq. (38), the following is obtained 

 

            (39) 

 

Employing differential feature of Sumudu transform, 

we obtain 

                                                               

                        (40)          

       (41) 

 

Promptly employing inverse Sumudu transform on 

two sides of Eq. (41), the subsequent is obtained 

 

                    (42) 

 

Subsequently, we implement the HPM, 

 

                    (43) 

 

Following the progressions of the initial examples, we 

come by the subsequent consecutive 

approximations, 

 

                                 

     

               (44) 

         

  
                        

 

Consequently, an approximate solution will be  

 
 

          

 

            
which converges to the exact solution,  

as well. It can be seen that the approximate solution 

obtained with HPSTM have good agreement with the 

other method. The absolute value of LVIM and HPSTM 

are compared in Table 3 while Figure 3 shows the 

behavior of the error between these two methods in 

Example 3.3. 

 
Table 3 Comparison of the absolute errors for Example 3.3 

 

  Absolute Error 

t Laplace VIM [21] HPSTM 

0.0 0 0 

0.1 0.098088117 0.098088117 

0.2 0.195178731 0.195178731 

0.3 0.290284207 0.290284207 

0.4 0.382437042 0.382437042 

0.5 0.470699039 0.470699039 

0.6 0.554170473 0.554170473 

0.7 0.632000687 0.632000687 
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  Absolute Error 

t Laplace VIM [21] HPSTM 

0.8 0.703394091 0.703394091 

0.9 0.76761991 0.76761991 

1.0 0.824018986 0.824018985 

 

 

Figure 3 Graphs of the absolute errors for some values of  

with LVIM and SVIM for Example 3.3. 

 

 

4.0 CONCLUSION 
 

The HPSTM is a stem of Sumudu transform in addition 

to incorporating techniques of HPM to acquire 

approximate resolutions of DDEs which turned out to 

be the exact solutions. The disadvantage for HPM 

which is determining the small parameter could be 

solved easily with this altered methodology. A fresh 

variation of HPM was obtained. This commended 

formula could be employed to decipher issues 

devoid of falling back to the frequency domain. The 

indicated property enables the operation of the 

clarification to be effortless and develops the 

accuracy as well resulting in quick convergence with 

physical problems. In this study, HPSTM was effectively 

employed in deciphering linear and nonlinear DDEs. 

It’s estimable expressing suchlike methodology is 

successful in minimalizing quantity of calculations 

opposing to customary techniques in the face of 

preserving substantial precision of the numerical end 

product. 
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