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A Bieberbach group is a crystallographic group which is an extension of a free abelian group of finite
rank by a finite extension. Meanwhile, research on homological invariants has been on interest of many
authors since it is related to the study of the properties of the crystal using mathematical approach. One of
the homological invariants is the exterior square. In this paper, the exterior square of a Bieberbach group
of dimension four with dihedral extension is computed theoretically.

Graphical abstract
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Abstrak

Kumpulan Bieberbach merupakan kumpulan kristal yang merupakan perluasan kepada kumpulan abelan
bebas melalui perluasan terhingga. Sementara itu, kajian terhadap homologi tak varian telah menjadi
tumpuan ramai penyelidik kerana ia berkait dengan kajian terhadap ciri-ciri suatu kristal menggunakan
pendekatan matematik. Salah satu daripada homologi tak varian ini ialah kuasa dua peluaran. Dalam
kertas kerja ini, kuasa dua peluaran kumpulan Bieberbach berdimensi empat dengan perluasan dwihedron
telah dikira secara teori.

Kata kunci: Kumpulan Bieberbach; homologi tak varian; perluasan dwihedron
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H1.0 INTRODUCTION

. ) Let G be a group with a presentation (¢ |9t) and let G?
The nonabelian tensor square, denoted as G ® G, is defined as the

product of two groups where the two groups act on each other in a
compatible way and their actions are taken to be conjugation. A
factor group of the nonabelian tensor square with a central
subgroup of the nonabelian tensor square of the group, known as
the exterior square, denoted as G A G, is one of the homological
invariants that we are focusing in this paper. Research on this
topic has been growing over the years. In 2008, the exterior
squares for symmetric groups of order six have been computed.!
While in 2011, the exterior square for infinite nonabelian 2-
generator groups of nilpotency class two has been found.?
Furthermore, in 2012, Mat Hassim et al. computed the exterior
squares for some Bieberbach groups with cyclic point group of
order two.? In this paper we are motivated to compute the exterior
square for a Bieberbach group of dimension four with dihedral
extension.

2.0 PRELIMINARIES

The definitions, theorems and propositions that are used in this
paper are given in the following.

Definition 1*

be an isomorphic copy of G via the mapping ¢:g — g%
forall g e G. The group v(G) is defined to be

V(@) = (57 1R (9,071 =9, ()71 =7 [g,h7].\
VvX,0,heG

Theorem 1°

Let G be agroup. Themap o:G®G —>[G,G‘”} >v(G)

defined by o(g ®h) = [g, h‘”}for all g, h in G is an isomorphism.

Definition 2°
Let G be any group. Then 7(G) is defined to be quotient group
(©) . o] . o
o(V(G))’ where 0:G®G —>[G,G } is as defined in
Theorem 1.

Definition 27 Exterior Square
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The exterior square of G is defined as GAG = (G ®G%(G).

Proposition 1°

Let G be any group. The map &:GAG —>[G,G¢’} > 7(G)
T

©)

defined by 6(g Ah) = [g,h‘”] is an isomorphism.

7(G)

Since z(G)is a subgroup of v(G), [g,h‘q coincides with

7(G)
[g,h‘/’] Therefore, for simplification, we use [g,hg"} instead

of [g,h"’l(e).

Proposition 2°

Let G be a polycyclic group with a polycyclic generating

given by
[e.67]=([ai.0¢] [ .00)7] [oF @) ][]0 ])
and

[G'G(pl(e) :<[gf,(g€f)6] [gf,(gi‘/’)‘;D for1<i< j <k, where

1 if |g;
and 0= ! |g'|<oo
+1if |g;| =

By Theorem 1, the subgroup [G,G‘/’J of v(G) is isomorphic to

G®G.
The commutator calculus that are used in this paper are as
follows:

y =y[y.x]; 1.1)
[xv.2]=[x2]" [y.2] =[xz} [[x2].y ] [v.2]; (1.2)
[x.yz]=[x2].[xy]' =[x z}.[x.y}[[x y].2]; 1.3)
[x, y_l} =[x, y]_yi1 = [y‘l,[x, y]}[x, yJ (1.4)

{1 it |gi|<oo
E=

+1if |gi|=

The following lemma is used in the computation.
Lemma 1%°

Let G be a group. The following relations hold in v(G):
i) [91-95)}[93’9‘?] :[91 gz(p}[g@g‘,]
i) [ 01,0205 | =[ 01,02.0¢ | =[ 01,0%.0¢ | and

(90,9205 |=[ 00.02.0 | =| o .05 03
forall g1,9,,03 in G.

forall g4,09,,03,94 ING;

Theorem 28

The polycyclic presentation of a Bieberbach group of dimension
four with dihedral point group of order eight denoted as B, (4)

has been shown to be:

2_ 11 w2 _ a_ -1 A2 _ |1
a‘=I", b =1, b*=cl, ¢ =17,
¢ =bl", c® =clLl;} 17 =1,

b _ -1 ¢ _ a_ -1 b _
=170 =1, 15 =171 =1,

81(4): a’b’c’ll'|2'|3'|4 |c_|—1 |a_| |b_|—1 |c_|—1 (15)
2 "2 73 73203 730 T3 73
12 =1 =1 =1 1 =1
5 =1, forj>i, 1<i,j<4

Theorem 32

The nonabelian tensor square of a Bieberbach group of dimension
four with dihedral point group of order eight denoted as B, (4)

has been established as in the following:

o] feer]ar ] e o]
Iy

3.0 MAIN RESULT

B(4)®By(4)=

By using Theorem 2 and Theorem 3, our main result in this
research is given in the following.

Main Theorem

Let B,(4) be a Bieberbach group of dimension four with

dihedral point group of order eight. Then, the exterior square of
B,(4) is given as:

Ab, cAb, anly,
Bl(4)/\B.l(4):<EA|3lZ/\|2a ' >

Proof:
Proposition 1 shows that
4)ABy(4)=|B,(4),B,(4) :
B4 B4 =B ]

Then, based on Proposition 2 , since 51(4) is a polycyclic group
generated by polycyclic generating sequence a,b,c,ly,l,,13,14, then
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The generators of [31(4)’81(4)(/;1(81(4

minimum independent generators as they might be written as
products of other generators. All commutators in that set that have
negative power can actually be eliminated since they can be
written as integer powers of its positive commutators or some
other positive commutators. For examples,

][ e ][oe]

) can be reduced to the
)

by (1.4)

by Lemma 1 (ii)

by the relation of B, (4)
by the relation of B; (4)
by Lemma 1 (i)

since [c,c"’}is trivial in

B@m@r]

(By(4))

by the relation of B, (4)

by (1.3)

~[a? [[atr?]|[a |77 | by the relation of B, (4)

=[al?][al? [t by the relation of By (4)

[ 0]
[t

=[a,|1*(/’f.

Hence (1.6) can be written as shown in the following.

by (1.2)

[a,b“’][c,b“’][a, Iﬂ,
S [b1g ] [c1g]
Therefore, by Proposition 2,

5,48y~

[B1(4).B.(4)" ]

anb, cab,anl,
b/\|3,C/\|2 '

4.0 CONCLUSION

In this paper, one of the homological invariants, namely the
exterior square of a torsion free space group with dihedral
extension has been computed by transforming first the
presentation into polycyclic form.
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