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Abstract

We use derivatives to prove the equivalences between MacWilliams identity and its four equivalent forms, and present new

interpretations for the four equivalent forms.
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1.0 INTRODUCTION

Let ¢ be a (n, k) linear code on the field Fy=GF(q)
and let C be its dual code. Define:

Wé := the number of codewords of weight 7 in C

and

o 0.n 1 n-1 nn_ ,n—zi
Wc(x,y).—WCx +ch y+--~+WCy = WC ¥y
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T

The following identity is proved by [6] and is called
the MacWilliams identity:

1
6] Wc(x,y)=q,,—_k—WCl x+(g-Dy,x- )

The following are four equivalent forms of the
MacWilliams identity:
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The MacWiliams identity and the four equivalent
forms have been studied by many authors [1-6, 8, 9].
In 1963, MacWilliams [6] proved that (2), (3) and (4)
are all equivalent to MacWilliams identity (1). In 1983,
by using a method different from that of [6], Blahut [1]
proved that (1) can be derived from (4). Similar
method can also be used to derive (1) from (3).
Identity (5) was inifially discovered by Brualdi et al. in
1980 [2], and they showed that (5) can be derived
from (2). In 1997, Goldwasser [4] proved (5) by
induction.

It should be pointed out that Brualdi et al. presented
combinatorial interpretations for (3), (4) and (5) in [2].
Let M be a gxn matrix whose rows are the codewords
of ¢ in some order. Let r be a eger with 0<r<n. A
row of M with weight | conTomsrL 1r fuples of nonzeros.
So the numper.of r tuples of noHzero in ’rhe rows of M
equals z Z l .Hence identity is a
consequeh@ f counting the number of r- ’ruples of
nonzeros in the rows of M in two different ways.
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Similarly, identity (4) is a consequence of counting the
number of r-tuples of zeros in the rows M in two
different ways; while identity (5) is a consequence of
counting the number of r-tuples of weight t in the rows
of M in two different ways.
According to their interpretations, both (3) and (4)
are special cases of (5).
In the following section we will use derivatives fo

prove the equivalence between anyone of (2), (3), (4),

(5) and (1), our proofs also unveil new relationships

between MacWilliams identity and its equivalent forms.

2.0 PROOFS OF EQUIVALENCES

The following two lemmas are needed in our
equivalence proofs:

Lemma 1. Let X=x+(g-1)y,Y=x-y, f=x5Y!, then for any
non-negative integers I, m we have

le‘ s l,[ ‘ J[i]XS—lHYt—i,

ﬂ: g 1) (g1 [ s.j [t} Xs—m+iyt—i.
" =0 m—i )\ i

Lemma 2. Let f(x,y)and g(x, y) be two homogeneous
polynomials of degree nin x, y. If

¥ '
% = g f , 0<r<n
% x=1,y=0 o x=1,y=0
or
> >
% w0 , 0<sr<n
% x=0,y=1 & x=0,y=1
or
¥ v
% = 99 0<r<n
QV x_y_] ayr x=y=

then f(x,y)=g(x,y).

Proof of Lemma 1. We only prove the second identity,
the first one can be proved similarly.

If m = 0, the result is obvious. Now let m>0, and
suppose

o= lf Z ( 1 (g B 1),[ § .][t.]Xs—mﬂﬂ'Yt—i.
va 1 iz —1—i )\ i
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Then from we can get

The assertion follows by induction.
Proof of Lemma 2. We only prove the case of
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the other two cases can be proved similarly.
Let

f(xy)—fo”” dlsi=B g,
i=0

then from (6) we can get the following equations:
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Solving these equations we get
fn=gn,fn-1=9n-1°  f1=a1. fo=g0.

Therefore f(x,y)=g(x,y) .

2.1 Derive (2) or (3) from (1)

By taking r-th partial derivative with respect to y on
both sides of (1), we get

E ¥ WJ’””:—,;ZWJ % 1y v[_}U( B
JO[’]C d g j=0 cti=0 e

n—j—r+i

[x+(g-Dy] -y
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- Substituting 1 for x, 0 for y in the above equation

we get

s 1 J _f _f i
W n— JZOWCJ‘1ZO( 1)[ i][i](q_l)

So from (1) we can derive (2).
- Substituting 1 for both x and y we get

E(N\wi_ 2 (Nw
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(if j < r then @:0)
¥

Therefore, from (1) we can derive (3).
2.2 Derive (4) from (1)

By taking r-th partial derivative with respect to x on
both sides of (1), we get

N R B e Al
Z r![ JW x y’ = Z wl 3 !
jo \r)°C q’”E j=0 ctizo \r-i)\i
i iy

L+ (q-DyT" 77 (v- gy

Let x=y=1, then we get

) - g B (e
b3/ W = = w/
j=0[ O =

:qk-r g [n—}:]Wj A
j=o\r=j) ¢t
So from (1) we can derive (4).
2.3 Derive (5) from (1)

n P i i

j=0

Let f(x,y)=We(x,y). For O<t<r<n, by taking r-th mixed
partial derivatives on both sides of

we can get

o't ot
ax"_tayt i t(tl 20[] CJ n— JyJ t)
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From

and lemma 1 we get
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So we have
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Substituing 1 for both x and y, and also nofice that
(x-y)I31=0 when jzs+i we get
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So (5) holds.
2.4 Derive (1) from (2)

Let

n . .o
F(y) =We(xy)= ¥ wix"ly)
j=0

9%, y) = qu_(wcA (x+(@-Dy,x-)

1 n . . .
= W x+(g-0)y1" I (x-y)!
Fjgo C,\[ (@-DyI™(x=y)
Then both f(x,y) and g(x,y) are homogeneous
polynomials of degree nin x, y.

For any non-negative intfeger r<n, by lemma 1 we
have
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Since (2) holds, we get

=r!

b
=29 , 0gZr<n
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By lemma 2 we obtain
1
Wox.y) = flx,3) = g(x. y) = qu_WCJ‘ (x+(g-Dy,x-y)
2.5 Derive (1) from (3) or (4)

We only prove that from (3) we can derive (1). Let

n : PR
Slxy) =Welxy)= _20 Wiy
J:

1
g(x, y) = qn—_k-WCl (x+(g-Dy,x-y)
R N ey
7" j=0 ¢t

Then both f(x,y) and g(x,y) are homogeneous
polynomials of degree n in x, y. For any non-negative
infeger r<n, by lemma 1 we get

o' f Driy . r

o = (rjwc

oy x=1,y=1 1=0

&y ksz IS e '( ](‘j
o' x=1,y=1 q =0 € =0 -

[x+(q-1) y]" T+ ¢y \le -

_rn ;
=g X (i (e '( ’}N‘A
j=0 =1c
From (3) we get
2.6 Derive (1) from (5)
If f =0, then (5) reduces to (4), while if f =r, then (5)

reduces to (3). Since (1) can be derived from (3) or (4),
(1) can also be derived from (5).

o
14 = Lf‘ , 0<r<n
& x=1,y=1 & x=1,y=1

By lemma 2 we obtain f(x,y)=g{x.y). which means
that

1
Wc(x,y) :Tk-WCJ_ (x+(@-Dy,x—y).
q

3.0 CONCLUSION

A homogeneous polynomial of degree n in two
variables is uniquely determined by its n+1 coefficients,
and any properly selected n+1 points on the range of
the polynomial can be used to determined these
coefficients. From the proofs in the last section we see
that identities (2), (3). (4) and (5) are actually four
different groups of conditions that can be used to
determine the coefficients of (1), and they can be
written respectively in the following four forms:

- IWe(x,y) _ achJ_ (x+(q—1)y,x—y)|
¥ F
ay );:Ly:O ay |x=l,y=0
e
@9 O We(x,9) _ Wol (x+(g-1)y,x-y)
r 7
i x=1,y=1 % x=1,y=1
F
@) W (x,9) _ oWl (x+(g-D)y.5-y)
o x=1,y=1 ' x=1y=1
a
" e (x,9) _ O WL (x+(g-1)y,5-y)
Vs N 4 P—to t
&Y x,y=1 &y x=1,y=1

Therefore more equivalent forms of (1) can be written
out in this way.

References

[1]  Blahut R. E. 1984. Theory and Practice of Error Control
Codes. Readings, Mass: Addison Wesley.

[2] Brualdi R. A., V. S. Pless and J. Beissinger. 1988. On the
MacWilliams Identities for Linear Codes. Linear Algebra
Appl. 107: 181-189.

[3] Chang,S.C.and J. K. Wolf. 1980. A Simple Derivation of the
MacWilliams' Identity for Linear Codes. IEEE Tran. On Inform.
Theory. IT-26(4): 476-477.

[4] Goldwasser, J. L. 1997. Shortened and Punctured Codes
and the MacWilliams Identities. Linear Algebra Appl. 253: 1-
13.

[5] Honold, T. 1996. A Proof of MacWiliams' Identity. J. of
Geometry. 57: 120-122.

[6] MacWiliams, F. J. 1963. A Theorem on the Distribution of
Weights in a Systematic Code. Bell System Tech. J. 42: 79-
94.

[71  MacWiliams, F. J. and N. J. A. Sloane. 1977. The Theory of
Error-Correcting Codes. New York: North-Holland Publishing
Company.



385 Bao Xiaomin / Jurnal Teknologi (Sciences & Engineering) 76:1 (2015) 381-385

[8] Pless, V. S. 1989. Introduction fo the Theory of Ermor- [?]1 Zierler, N. 1973. On the MacWilioms Identity. J.
Correcting Codes. 2"d ed. New York: Wiley-Interscience. Combinatorial Theory (A). 15: 333-337.



