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MODELLING TECHNIQUES FOR RECTANGULAR DIELECTRIC
WAVEGUIDES – RIBS WAVEGUIDES
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NORAZAN MOHD KASSIM3

Abstract. Rectangular dielectric waveguides have been known as a basic device structure in
integrated optics. Result of waveguide analysis is very useful in the study of mode propagation
characteristics in a waveguide. In this paper optical propagation in dielectric waveguides have been
analyzed using the semi analytical effective index method and a numerical method based on finite
difference approach. Full waveguide cross-section and open boundary condition have been consid-
ered. This models the exponential decay field at a sufficient distance. Both the propagation character-
istic and the field of the guided modes can be calculated very efficiently on a personal computer with
modest computational time. This method is applied to the well established test structured for a ribs
waveguides. Comparison has been made and some limitations to accuracy have been identified.

Keywords: Dielectric waveguide, Propagation characteristic, Effective index method, Finite differ-
ence, Open boundary condition

1.0 INTRODUCTION

The use of optical signals as a means of carrier in telecommunications is evident since
the invention of laser in 1960 [1]. It was in 1969, Miller introduced the term ‘Integrated
Optics’ involves the realization of optical and electrooptic elements which may be
integrated in the large numbers on one chip by means of the same processing tech-
niques used to fabricate integrated electronic circuits [2]. Demand for integrated optic
circuits comes from the side of lightwave communication systems which require in
addition to laser source, components such as optical switches, modulators and power
splitters.

Recent advances in material growth and processing technologies mean that the
refractive index, geometric profile and the theoretical analysis of their propagation
properties are receiving much interest. In this paper we considered passive waveguide
discussed in Section 2.0 and rib waveguide, which are the simplest integrated optical
components. In all cases the guided light is confined in a region of increased refrac-
tive index or effective index. To determine the accuracy of our modeling techniques,
the results obtained have been compared with other techniques and different me-
thods presented in [3][9].
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2.0 DIELECTRIC WAVEGUIDES

Dielectric waveguides are the structures that confine and guide the light in the guided-
wave devices and circuits of integrated optic in a region of higher effective index than
its surrounding media. A well known dielectric waveguide is optical fiber which usu-
ally has a circular cross-section. In contrast, the guides of interest to integrated optics
are usually planar structures such as planar film or strip. Figure 1 illustrates the cross-
section of four strip waveguide types that have been investigated in integrated optics.
Figure 1(a)-(d) depict four different structures of strip waveguides, in which the optical
energy is confined in the region which has the highest index of refraction, thus provid-
ing the guiding region. In all four examples, the light is more or less confined to the
material with index nf > ns,nc,n1. The superstrate, nc is normally air with index of
refraction of 1.0. For symmetric waveguide, both the substrate and the superstrate
have the same refractive index, otherwise it becomes asymmetric or composite struc-
tures [4].
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Figure 1 Various strip waveguide structures (a) raised strip (b) ridge guide (c) embedded strip
and (d) strip-loaded guide

Depending on the index difference, the thickness for single mode operation varies,
a typical thickness of the order of the optical wavelength. The index of refraction of the
thin film of dielectric waveguide can be either homogeneous or graded in which
index profile is primarily result of the waveguide fabrication process.

A raised strip guide can be fabricated by starting with a planar slab  guide, mask-
ing the strip and removing the surrounding film by sputtering or etching techniques.
Masked diffusion or ion implantation leads to embedded strip guides. The ridge
guide can be made by techniques similar to the raised strip guide but with incomplete
removal of the surrounding film and the final example shows a strip loaded guide
where a strip of lower index n1 < nf is deposited onto a planar guide.
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2.1 Plane Wave Analysis of Dielectric Waveguide

Although the early analysis of propagating modes in the slab was based on the ray
optic approach, here a wave optic approach is considered since it gives a complete
description as that provided by electromagnetic theory. For simplicity we assume that
the cladding regions with indices nc and ns are semi infinite in extent and that the film
is of thickness 2d. The dielectric slab waveguide is also considered to be formed from
materials which are linear, isotropic and source free.

To understand the co-ordinate system used, reference can be made to Figure 2 for
a 3-layer slab waveguide where the x-axis represents the transverse direction and z-
axis, represents the direction of propagation. However, to determine the full mode set
and mathematical expressions for the fields it is best to seek solutions of Maxwell’s
equations and the wave equation directly. One set of solution has E in the y direction
and these are the Transverse Electric (TE) modes. The other set with H in the y direc-
tion are Transverse Magnetic (TM) modes. The wave equation for the electric and
magnetic field may be derived from Maxwell’s equation and can be written as [5].

2
2

2 for TE modeµε ∂∇ =
∂

E
E

t
(1)

2
2

2and for TM modeµε ∂∇ =
∂

H
H

t
(2)

where µ = µ0µr and ε = ε0εr.
µ0 and ε0 are the permeability and permittivity of  free space respectively.
µr and εr are the relative permeability and permittivity of the materials respectively.

To simplify things further we again restrict to TE modes in which the only non-zero
component of the electric field is Ey in the coordinate system used above. The wave
equation then becomes [5],
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x 

Figure 2 Schematic diagram of three layers slab waveguide structure
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2 2 2

2 2 2µε∂ ∂ ∂+ =
∂ ∂ ∂

Ey Ey Ey

x z t
(3)

Since we are seeking guided wave propagating in the z direction, let,

( )
0( ) −= zj wt k zEy E x e (4)

where E0 is the amplitude of the wave which varies across the guide. Substituting into
equation (3) gives,

2
2 20

0 02 µε∂ − = −
∂ z

E
k E w E

x
(5)

The factor w2µε is equal to k2, the magnitude of the wavevector in the dielectric,
therefore equation (5) can be rewritten as,

2
2 20

02 ( ) 0
∂ + − =
∂ z

E
k k E

x
(6)

From the vector triangle for the wavevector, 2 2 2( )− =z Tk k k  where kT is the transverse

component of k . Thus we have, substituting into equation (6),

2
20

02 0
∂ + =
∂ T

E
k E

x
(7)

From equation (7), we know something about the form of a guided mode and assum-
ing kT to be real in the core and imaginary in the cladding. To be consistent with the
notation employed above let kT = k1x in the core and kT = – jγ in the cladding. Using
these the wave equation becomes,

2
0

1 02 0 in the core
∂ + =
∂ x

E
k E

x
(8)

and

2
20

02 0 in the claddingγ∂ − =
∂

E
E

x
(9)

Solving (8) and (9) give,

E0 = A cos(k1xx) + B sin(k1xx) in the core (10)
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and

E0 = Ceγx + De–γx in the cladding (11)

From (10) the solution in the core consists of a symmetric and asymmetric parts which
correspond to the even and odd modes. For symmetric modes we can set B=0 and
the expression  for the electric field in the core becomes,

Ey = A cos(k1xx) (12)

and in the cladding we can reject solutions which grow exponentially away from the
core, thus,

E0 = Ceγx for x < –d and (13)

E0 = De–γx for x > d (14)

From the electromagnetic boundary conditions, the tangential component of the elec-
tric field is continuous across the boundary and furthermore, in this case no current
flows in the interface, the tangential of the magnetic field is also continuous. Dealing
first with the electric field component, we have,

A cos(k1xx) = Ceγd continuity at x = –d (15)

A cos(k1xx) = De–γd continuity at x = d (16)

Dividing these yields the intuitively obvious result that C = D and for the asymmetric
modes the result would be C = –D.

In the TE modes we are considering, the magnetic field has only x and z compo-
nents and of these only the z component is tangential to the interface and must there-

fore be continuous. From Maxwell’s equation for ∇ × E , we can show that Hz  in this

case is proportional to ∂
∂
Ey
x

. Hence differentiating the expressions for Ey  and equat-

ing at x = d and x = –d, give,

–k1x A sin(k1xd) = –γCe–γd (17)

Dividing equation (17) by equation (15) and rearranging then yields,

1
1

tan( )
2
π γ− =x

x

n
k d

k (18)

for symmetric and asymmetric modes, where n is the mode number.
All the eigenvalues derived can be solved either a numerical or graphical methods.

Once kT is solved from equation (7), the propagation constant kz or β can be obtained
and the field distribution can be computed. Example of the transverse electric field
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Figure 3 E field profiles for four symmetric and asymmetric TE modes for a given structure of d
= 5 µm, λ = 1.55 µm, ncore = 1.61 and nsub = 1.569. (a) TE0 (b) TE1 (c) TE2 (d) TE3 and (e) TE4.

Ey has been normalized to 1 and y axis is in m
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profiles computed and plotted is as shown in Figure 3. All together five TE modes
exist in this example with a guiding layer thickness 2d, of 10 µm, wavelength used
1.55 µm, the refractive indices of guiding layer, ncore = 1.61, substrate layer, nsub = 1.569
and the cladding layer is taken as the same as substrate layer respectively.

2.2 Analysis By Effective Index Method

The planar dielectric waveguide mentioned above in Figure 2 provide no confine-
ment of light  within the film plane, that is the y-z plane, and confinement take place in
the x-dimension only. Dielectric strip waveguides mentioned in Figure 1, which also
called 3-dimensional guide provide this additional confinement, which we assume to
be in y-dimension. The values of the indices and the dimensions of guide define the
modes propagation and their corresponding field pattern. The formation of channels
which are dimensionally precise and structurally smooth is essential for low-loss
waveguide devices. An approximate solution to this particular structure for cases suf-
ficiently far away from cut-off is shown in [6]. Another simple tool providing fairly
good predictions for the behavior of channel guides is the effective index method [7].
One of the advantage of this method is that the problem can be reduced to solving the
eigenvalue for the slab waveguide to obtain the effective refractive index of each re-
gion. To illustrate the method here, we choose the example of rectangular waveguide
as shown in Figure 4.

(c) Step two: Solve the slab waveguide problem
using neff(y)

(b) Step one: Solve for each y the effective index
neff(y)

Figure 4 (a) A rectangular dielectric waveguide to be solved using the effective index method.
(b) Solve the slab waveguide problem for each y and obtain effective index profile neff(y). (c) Solve

the slab waveguide problem with the effective index problem neff(y)
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(a) A rectangular dielectric waveguide
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We first solved a slab waveguide problem with refractive index n1 inside and n3, n5
outside the waveguide in Figure 4(b). The eigenequation for the Ey component will
be that discussed in the preceeding sections. From the solutions of the slab waveguide
problem, we obtained the propagation constant and hence the effective index neff,1.
For y > w or y < 0 similar equations hold for n2 > n6, n7 and n4 > n8, n9. Otherwise,
approximations have to be made by assuming that neff,2 = n2 and neff,4 = n4 when the
fields in regions 6, 7, 8, 9 are negligible. We then solved the slab waveguide problem
as shown in Figure 4(c).

2.3 Analysis By Numerical Approach

The finite difference solution of the scalar wave equation has been applied to the rib
waveguide problem for several years [8][9][10]. The basis of the procedure is to replace
the wave equation by finite difference relations in terms of the field at discrete mesh
points. In our analysis the mode is assumed to be TE mode propagating in the z
direction and of the scalar form given by,

Ex(x,y,z) = Ex(x,y)ej(wt–βz) (19)

where β is the propagation constant and Ex(x,y) is the optical field distribution.

eff2πβ
λ

= n
 where neff is the modal effective index. The wave equation is given by [5],

2 2
2

2 2 0
∂ ∂+ + =
∂ ∂ T

E E
k E

x y (20)

The parameter kT determines the propagation constant β through,

2 2 2µε β= −Tk w (21)

The eigenvalue problem is to solve for E(x,y) and kT simultaneously so that equation
(20) is satisfied. Since our problem involve very large matrices, the iterative solution is
clearly needed to get better results. A variational method is used to established the
propagation constant of the mode after each iteration and convergence of this value is
the criterion for sufficient accuracy. The variational expression is derived from the
wave equation (20) for TE modes and is given by,

2 2 2
2 ( ( , ) )

β
∗

∗
∇ +

=
⋅

∫∫
∫∫

t E k n x y E E dxdy

E E dxdy (22)

In our analysis full waveguide cross section with open boundary condition has been
considered. This models the field at the boundary of the waveguide will exponen-
tially decay at a sufficient distance. To use the finite difference method a mesh point is
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established throughout the waveguide cross section with a rectangular mesh of size hx
and hy in the x and y direction respectively. Using Taylor’s theorem and after some
rearrangement to equation (22) becomes,

[ ]

2 2

2
2

( , ) ( 1, ) ( 1, ) ( , 1) ( , 1) ( , ) ( , )

( , )
β

 + + − + + + − + 
=

∑∑

∑∑
i j

i j

E i j E i j E i j E i j E i j k n i j E i j

E i j

and the iterative process after the determination of optimum acceleration factor for
successive over relaxation (SOR) method is given by,

1

1 1 1 1
1

2

( , ) ( , )

( 1, ) ( 1, ) ( , 1) ( , 1)
( , )

2( 1)

−

− − − −
−

=

  + + − + + + −  + −
 + − 

n n

n n n n
n

T y

E i j E i j

P E i j E i j E i j E i j
R E i j

P k h

(24)

where = y

x

h
P

h
 and R is the acceleration factor as an improvement that speed the

convergence process derived from the successive over relaxation method which in-
creases the rate of convergence by a factor of three. Values of R greater than unity
speed convergence but to large a value of R results in numerical instability [11][12]. In
our analysis its value is taken to be 1.4. The integrands in this analysis are evaluated
numerically using trapezoidal rule. Alternate use of equations (23) and (24) should
converge to a solution for E and β and which mode is converge to depends on the
initial conditions.

3.0 RESULTS AND DISCUSSION

In order to determine the accuracy of our modelling techniques for calculating the
eigenmodes of integrated optical waveguides we compared our results with other
techniques presented in [3][9]. The rib waveguide structure studied is shown in Figure
5. The waveguide operates at a wavelength, λ = 1.55 µm. Its width is 2.4 µm and the
thickness d of the guiding layer is 0.2 µm. The thickness t has been varied from 0 to
0.4 µm. The numerical results given in Figure 6 are the normalized propagation con-
stant b of the fundamental TE mode. The height h of the ridge is chosen to be large
enough so that it will not influence the results. The normalized propagation constant b
is defined as,

(23)
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2 2
eff sub

2 2
guide sub

π
 − =
 − 

n n
b

n n (25)

with nsub = 3.17 and nguide = 3.38. The effective index, neff of the fundamental mode is
related to the propagation constant β by,

eff 2
βλ
π

=n (26)

From the graph shown in Figure 6 it can be seen that the results of effective index (EI)
and weighted index (WI) methods give an upper bound and lower bound normal-
ized effective index, b respectively. Result obtained by our modelling technique does
appear within these limits and agree well with other techniques. However there are
still some difference and some of these may be due to the meshing effects and round-
ing of errors. The second well established test structures is as shown in Figure 7. The

 2.4 m 

h 

t 

0.2 m 

n=3.17 

n=3.38 

n=3.17 InP 

InGaAsP 
InP 

Figure 5 Schematic diagram of the III-V integrated optical waveguide operating at 1.55 µm

Figure 6 Normalized effective indices as a function of t for the structure shown in Figure 5

b

t (1e-7m)
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waveguide operates at a wavelength, λ = 1.15 µm. The width, w = 3 µm and the
height of the ridge, h = 1 µm and the thickness d has been varied from 0.1 µm to 0.9
µm.

The graphs have been plotted for the modal index, neff and the normalized efffective
index, b as shown in Figure 8 and 9 respectively. Our models, FD and EI methods
agree well to those produced by the vector finite element (VFE), semi vectorial finite
difference (SVFD) and full vectorial finite difference (FVFD) methods. Three dimen-
sional and contour plots of light intensity distribution calculated from FD method on
structures shown in Figure 5 and 7 for TE modes are also shown in Figure 10(a) and
(b) and 11(a) and (b) respectively.

n =1.0 

n =3.44 

n=3.40 

d 

h 

w 

Figure 7 Schematic diagram of the GaAs waveguide structure operating at 1.15 µm

Figure 8 Mode effective indices as a function of d for the structure shown in Figure 7
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4.0 CONCLUSIONS

The EI method and the itterative solution implementation of scalar FD have been
shown to be agreeable with most of the standard well known techniques discussed
above. For the ridge waveguide it is shown that the EI method give very good result
with the FD up to d = 0.4 µm. EI method is usually accurate particularly when the
waveguide has an aspect ratio far from unity. Near the cut-off the EI method will tend
to give a slight overestimate for the value of the propagation constant. The mesh size
will determine the accuracy of the field and propagation constant because the larger
the mesh size, the less valid is the approximation of the FD equation to the wave
equation. On the other hand, if the mesh size is too small the computational time is
uneconomical. Therefore a compromise between them and suitable mesh size was
then chosen.
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(a) t=0.0 

(a) t=0 

Figure 10(a) and (b) Three dimensional and contour plot of light intensity distribution within
the structure shown in Figure 5 for waveguide thickness t=0.0 and 0.2 respectively

(b) t=0.2

(a) t=0
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(a) d=0.1 

Figure 11(a) and (b) Examples of three dimensional and contour plot of light intensity
distribution within the structure shown in Figure 7 for d=0.1 and 0.5 µm respectively

(b) d=0.5

(a) d=0.1
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