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Abstract

A space group of a crystal describes its symmetrical properties. Many mathematical approaches have been explored to
study these properties. One of the properties is on exploration of the nonabelian tensor square of the group. Determining the
polycyclic presentation of the group before computing the nonabelian tensor square is the method used in this research.
Therefore, this research focuses on computing the polycyclic presentations of the torsion free space group named
Bieberbach group with a quaternion point group of order eight.
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Abstrak

Kumpulan ruang bagi sesuatu kristal menghuraikan ciri-ciri simetrinya. Banyak pendekatan matematik telah diterokai untuk
mengkaji ciri-ciri ini. Salah satu ciri yang dikaji ialah kuasa dua tensor tak abelan bagi sesuatu kumpulan. Mencari
persembahan polikitaran sesuatu kumpulan terlebih dahulu sebelum mengira kuasa dua tensor tak abelan merupakan cara
yang digunakan di dalam penyelidikan ini. Justeru itu, penyelidikan ini memfokus pada pengiraan persembahan polikitaran
kumpulan ruang bebas kilasan yang dinamakan kumpulan Bieberbach dengan kumpulan fitik kuaternion berperingkat
lapan.

Kata kunci: Persembahan Polikitaran, Kumpulan Bieberbach, Kumpulan Titik Kuaternion Berperingkat Lapan
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1.0 INTRODUCTION

group named Bieberbach group has been carried out

Mathematical approach has been widely used in
many problems including the pattern of crystals such
as in X-ray diffraction crystallography for powder
samples [1]. Being one of the torsion free space group
or known as the crystallographic group, Bieberbach
group has the symmetry structure which can be
applied in this application. One of the symmetry
structures that have been explored is the nonabelian
tensor square of a group. Therefore the research on
the nonabelian tensor square of a torsion free space

over the years. Masri [2] in 2009 has focused on the
Bieberbach groups with cyclic point group of order
two and elementary abelian point group of 2-group.
The method of converting the matrix representation of
a group into polycyclic presentation before
computing ifs nonabelian tensor square has been
used by Masri in [2] and Mohd Idrus in [3]. Mohd Idrus
has considered the Bieberbach groups with dihedral
point group of order eight. Recently in 2014, Tan et al.
[4] also used the same method and found the
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polycyclic presentation for the Bieberbach group with
symmetric point group of order six.

The Crystallographic, Algorithms and Table (CARAT)
package [5] provides the lists of torsion free space
groups with certain point groups up fo dimension six. In
this paper, our focus is on the torsion free space group
with quaternion point group of order eight. Based on
the CARAT package, there are four torsion free space
groups with quaternion point group of order eight. All
of them are of dimension six. Using the matrix

2.0 PRELIMINARY

This sectfion provides the definition of polycyclic
presentation which is used throughout this paper.

Definition 1 [7] Polycyclic Presentation

Let Fn be a free group on generators g;,....g,, and R

be a set of relations of group Fn. The relations of a
polycyclic presentation have the form:

g =gi.g, foriel,

g,’wgfg/ _ gjy:],,i.mg:,,,,

999 =99,

for some Ic{l...n}e el foriel and x,y

forj<i,
forj<iandjel
ikZijx €0

foralli, jand k.

3.0 RESULTS AND DISCUSSION

In this section, the computations of the polycyclic
presentations of Q,(6), wheren=12,3and 4 are

shown.

Forn=1,
the following is the matrix representation of the group

Q,(6), which is listed in the CARAT package:

presentation of the groups, the polycyclic
presentations of the torsion free space groups with
quaternion point group, denoted as

Q,(6), wheren=123and 4are found with the

assistance of Groups, Algorithms and Programming
(GAP) software [6]. We need these polycyclic
presentations to show the group is polycyclic in order
to find its nonabelian tensor squares.

Q (6) =(ay.a, .l L1, 1. 1) where
[0 =4 4 -4 0 0 0 [4 2 0 4 0 0 07
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 4 0 0 O 4 4 4 0 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4 4
4 4 0 4 0 0 O 0 4 4 4 0 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4 4
o= % % & 8% fla=|F 8 348
0 0 0 0 4 0 4 0 0 0 0 0 4 =2
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 4 1 0 0 0 0 4 0 O
4 4 4 4 4 4 4 4 4 4 4 4 4 4
0 0 0 0 0 0 4 0 0 0 0 0 0 4
L4 4 4 4 4 4 4 L4 4 4 4 4 4 4]
(10 000 0 1] (10 000 0 O]
01 00O0O0O 01 00O0O01
0010O0O00O 0010O0O00O0
=0 001 00 O0.L=(00O0 100 0],
0O00O0OO0T1TO0O 00O0OO0OTODO
000O0OO0O0T1OPO 00O0O0O0O0TO
10000 O0O0 1 0 000O0O0 1
[1' 0 000 0 O] (10 000 0 O]
01 00O0O0O 01 00O0O0O
001 00O0O01 0010O0O00O
l,={0 0 01 0 0 O0|,,=0 OO 100 1/,
0O00O0OO0T1TO0O 00O0O0OTODO
00O0O0OO0O0T1O 00O0O0O0O0T1TO
100000 O0 1 (000 0O0O0 1
[1' 0 000 0 O] (10 000 0 O]
01 0O0O0O0CO 01 0O0O0O0O
00 10O0O00O 0010O0O00O
=0 0 01 0 0 Of.,=|0 O O 1 0 O O]
0O 0O0OO0T1TO0I1 00O0O0OTODO
0O000O0OO0O0T1O 00 O0O0O0T11
10000 O0O0 1 0000 O0O0 1

This maftrix presentation is used to compute the
polycyclic presentation using GAP software. GAP will
assist in giving the relators of the group. Then, we
analyze it to get the polycyclic presentation. Below

are the commands to construct the group Q,(6) by
using GAP software:

gap> Q1 := Group(a0,a1,I1,12,13,14,15,16 );
<matrix group with 8 generators>

gap>
Gpcp:=lmage (IsomorphismPcpGroup (AffineCrystGro

(1)
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upOnRight(GeneratorsOfGroup (TransposedMatrixGro
up(QN))))):

Pcp-group with orders [ 2,2,2,0,0,0,0,0,0]
gap> GFp:=lmage (IsomorphismFpGroup (Gpcp));

<fp group on the generators [ f1, f2, {3, {4, 5, {6, 7, 18,
f9 1>

gap> RelatorsOfFpGroup (GFp);

[ FIN2MONA-T*3A-T, F2A2*F9*F8A-1*3NA-1, FIA-T*2* 1 *f9A-
24 A2MIN-1*2A-1,  f3A2MO*BA-T,  FIA-T*3*f1*f9N-
1*f8*3A-1, f2A-1*3*f2*f3A-1, <idenfity ...>,

FIA-TH4*F 1 745N-1%14, f2A-1%4%2*f6, f3N-1*{4*3*{4,
<identity ...>,

FIN-THS* 1 ON-1*5NA-1*4,  f2A-1*f5*2*f7*f6*f4, f3N-
1*£5*£3*f5, FAN-1*f5*F4*f5N-1, fAXS*FAN-1*f5N-1T,
<identity ...>,

FIN-T*6*F1*f7%16%5, f2A-1*6*f2*f4N-1, f3A-T1*16*f3*16,
FAN-1*6*T4*T6N-1, TA*E*TAN-T*T6N-1, TEA-1*6*T5*T6A-1,
f5*f6*foNA-1*f6A-1, <identity ...>,

FIA-TH7 17 A1 6 A-1*14A-1, F2A-1*7*F2*F6N-1*f5N-
1*f4, £3A-T¥7*E3*17, TAN-1* 7 4% T N1, T4 7*FAN-1*7 N1,
fON-1*745*7N-1, T&*7*ON-T*7N-1, T6N-1*7*6*7A-1,
f6*7*f6N-1*f7A-1, <identity ...>,

FINA-TH8*1*f9N-1, F2A-1*8*2*f8A-1, f3A-1*8*3*8A-1,
FAN-1*8*T4*T8N-1, T4*8*fAN-T*8A-1, fOA-1*8*5*8A-1,
f&*8*FON-1*8A-1, fON-1*8*16*f8N-1, 6*8*T6A-T*8A-1,
f7A-1*8*7*f8N-1, f7*f8*7A-1*18A-1, <identity ...>,

FIA-THOH1*8A-1, F2A-159*2*f9NA-1, f3A-T1*O*3*IA-1,
FAN-T5O*F4*FIN-T1, FAMOAN-T*IN-1, fEA-T*OHEHIN-T,
fE¥P*EN-1*ON-1, fON-1*O*f6*fIN-1, fEXfO*fEN-THIA-T,
fZA-TX7*IN-1, f7HO7A-T1*9N-1, fBA-1*9*B*IA-1,
f8*P*f8NA-1*f9N-1 ]

Then, based on the GAP computations above, the
following relations are established.
Let f1=a, f2=b, f3=c, f4=h, t5=l2, f6=I3, f7=l4, 18=ls, f9=ls;

fIAHIN-1*f3A-1 —> a2=cls,

f2A2*9X8A-153A-1 > b* =cl.,
fIA-1525 1 59A-248A2*3N-152A-1 > b =bcl??
f3A2*9*8A-1 > c? =1,
fIA-1*3*F19A-158*3A-1 --> ¢ =cl;",
fOA-1*3*2*f3A-1 -> c® =,

<identity ...>,

FIA- V45147551474 —> 17 = [TL[}",

fRA-1#442%f6 > I° =I.F,

f3IA-1%4*3*4 > |° =",

<identity ...>,

FLA-THE*F 1A 145A- 154 > [0 =1l ],,
foA-1415*12*7+6*14 --> 1,2 = [T,
f3A-1#5%345 > 1,7 =1,
fAN-T*5*F445A-1 > ) =1,
FAF5HFANTHEAT > b, =1,
<identity ...>,

FIA-1*6*F1*f7*6*f5 > [,7 = /;‘/;‘/;1,
FA-1#6*2514A-1 > 1P =1, ,
f3A-1#6*3%6 --> 1,° =1,
FAN-156* T 4316A-1 -> |} =1, ,
FAFEFANTH6A1 > b =1,
fSA-1H6*54F6A-1 -> 1+ =1,
F5H6H5A-156A1 > 1], =1,
<identity ...>,

FIATH7HIH 7 AT FOATHAN-T > [T =[], ,

FRA-1*7* 246 A-155A-1%F4 > |,° =[] |,
f3A-1%7*3%7 -—> [,° =1,
fAN-TH7H457A-1 > [ h =1,
fAX7HANTHTA-T > 0, =1,
fEA-T¥74557A-1 > |2 =1, ,
fEX7*5A-1%7A-1 --> "2,
FOA-1H7*f6*7A-1 > |,k =1, ,
fEH 74 6N-157A-1 --> 5|
<identity ...>,
FIA-T*8¥1%9A-1 > [7 =1, ,
fRA-1¥8*f248A-1 --> .° =1, ,
f3AA-1*8*3*f8A-1 --> [© =1,
fAN-1*8*4*8A-1 --> |h =1,
fAX8*f 4N-1*8A-1 --> 1] =1,
f5A-1*8*5*8NA-1 > |2 =1,
f5*f8*5A-1*8A-1 --> %|
fOA-1*8*6*f8A-1 --> [ =|_,
f6*f8*f6A-1*8A-1 --> 5|
f7A-148*758A-1 --> |« =],
f748*7A-1%8A-1 --> 4|
<identity ...>,
FIA-T*9H1%8A-1 > |7 =1,
fRA-1*f9*249A-1 -> [P =1, ,
fAA-1¥9H3*9A-1 > [ “ =1, ,
fAN-THOHAXIN-T > [ b =1,
FAXOHAN-THINA-T > 1]
f5A-149H59NA-1 > | 2 =], ,

4
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54 EA-THIA-T > 2, —|

6

FOA-THO**fIN-1 > | b =], ,
fOHOHON-T*ON-T --> B =],
f7A-1*9*f7*9N-1 --> /6’4 =1,
f7HOX7A-T*9N-1--> Y|, =1,
fBA-1*9*8*fON-1 --> | s =1, ,
f8HOHBA-1¥9A-1--> b =1,.

Therefore, based on Definition 1, the polycyclic
presentation of a forsion free space group in (1) is

established as in (2):

a.b,c,l

L,

Q(6)

I

57

6

o’ =cl, b*=cl,
b® = bel22,¢? =1},
c®=cll,.c’=c,
1= 1P =1,

=k 1 =,
;=11 1 =1

19 =L L =105 =1,
19 =100, 2 =108 =1,
2=l 12 =15, 15 =15, 12 =1,
=l 5=l =11 =1,

5
forj>i, 1<i,j<é

(2)

For n=2,
Q,(6)=(a,

1 1 1
IGENIGENCINTY

INCEFN RN SIEN[S} >‘L INISEENISY

O O O O o o —
a\o»\o»\o»‘

OC0OO0OO0OO0OO0O -~ 0000 o0 o —

Using
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L0y byl ) where

1
IN

alo alo alo alo alo slo als
NSNSV ENNENTN »\
no alo aln alo alo slo alo
Ko Alx nO MO mO KO O

OO0 000 -0 00000 —~0 ©0O0 oo o — 0o
OO0 00 - 00 0O0O0O0 —~00 ©O0 oo — 00
OO0 0O -~ 000 000 —- 000 ©oo —- 0 oo
OO0 -~ 0000 00 —~—0000 ©0O0 — 00 Ooo
O - 00000 0O —-—00000 ©— 000 oo

the same

EN NN

-4 -4 0 4
4 4 4 4
4 4 -4 0
4 4 4 4
o 4 -4 4
4 4 4 4
o=l g R
o 0o 0 O
4 4 4 4
o 0 0 0o
4 4 4 4
o 0 0 0
il L4 4 4 4
1] (1 00O
0 01 00
0 0010
0.,=|{0 0 0 1
0 0000
0 00O00O0
1] |10 00O
0] [1 00O
0 0100
1 0010
0{.l,=/0 0 0 1
0 0000
0 0000
1] 10 00O
0] [1 00O
0 0100
0 0010
0.,=|0 0 O 1
1 0000
0 00O00O0
1] 10 00O
method, the

presentation of (3) is established as follows:

Q (6) =

a.b.cl.l, 0,00,

a? =cllf,. b*=clf,,

alo alx slo slOo slo nO O

O O — OO OO0 OO0 0000 oo — 0o oo

b =bcl L2, ?=1];,

c®=cllll, c®=c,
o= = =1
2=, 12 =1
I5=0 18 =510 12 =1
e =1 12 =11,
Pl =1, =1,

Pl =10 =1,

B=l. =10 =11 =

forj>i, 1<i,j<é

I

Ko mjo Aa KO KO KO KO

O — OO0 OO0 O —-— 00000 o — 00O Oo oo

o alo slo slo
]

|
N}

IENNENEEY

. (3)

- - OO0 0O 00 — 00O —-— 000 —0O 0o o — o

polycyclic

-(4)



Siti Afiqah, Nor Haniza & Hazzirah Izzati / Jurnal Teknologi (Sciences & Engineering) 77:33 (2015) 151-156

155

=4

Lastly, the matrix representation of the group for n

as listed in the CARAT package,

The following is the matrix representation of the group

where n

=3,

(a.aplu byl l.l,) where

Q,(¢)

Q,(6) = (a0 byl 1. 1) where

=
= T . 11 - 1T - !
ovoavovox fror vy @ T O O OO0~ OO0~ 00— OO0O0O0Oo — —
Olx Ot ot ot fr ot oe @ O O OO — O OO0 OO0 —0 00000 — O
ol« ol ot ot o+ << o« O OO O — O 0O OO0 —00O oobobo — oo
e ov ot scot ot O OO — O OO OO0 —0 00 OO0 —O0 O O
ov Ye ov oot omaw @O O T OO OO0 OO0 - 0000 00— 00 OO0
O — O OO0 OO0 O — 0O O0O0O0O0O oO— 0o oo o
olv olv wIv olv ol olv ol
— O O 0O 0O OO0 —O OO0 —0O 0O oo o
olv o+ o« A:A olv olx olx L I 1L |
! Il Il ]
I .~ 14 o
8] r > Ny - T = 1
< — 0O 0000 — OO0 000 — OO0 o0oo  — o —
1
SrorororAdvey 0 S S 0 -0 O0000—0 00000 — O
Svovevorovvveor 0 5 50 0O00O0 00 0000 —0O0
olv ol ot olv v olv ofv CoOO 000 OO0 000 000 —0 0 O
olv << olv ol olv ol olv O o660 00 —~—0000 00 —000 o0
<ls ol ol¥ ot olv ot olv 6O b6 O —~—00000 000000
olr olx olx Y|v olr olv ol -~ 000000~ 9000000~ 00000 O
L 1
olx olx Y|x olv olv olv olx I 1l 1]
] - I3 IrJ
I
o
O
o
| . N .
_0,40,40,40,4470,44,4_0 —0cooo—~—ococoo—~—o0o0o0 —ooooo — —
Jrevos vy Jlvovav o o O OO — 0O 0o o000 -0 0co0ooo o — o
v ol olx Jlv o Jlvxor O O O O — O O O O OO — O O OO o o — O o
Gt fe oot ototoe @ OO T O OO0 OO0 0~ 000 000~ OO0 O
<l~ ol< ol< ol< ol< ol< ol O O — O O O O OO — O O OO oo — o o o o
Olw Ol Ol << ol ol ol+ O — O O O O O O— OO O OO o — O o o o o
— O O O O O O — O O O O OO —O oo o o o
olx olv Y|¥ olv olv olv ol 1 1L 1L |
L ! Il 1] Il
I ey = —o
<2 r = 1 T ~ 1T = 1
- — 0O 0O 0O 0O 0O — OO0 — OO0 oOoO — OO oo — o —
r 1
e dsordr v~y 0 0 60 60— 0 OO0 000 —0 OO0 000 — o
Jrovvvoavov vy 5 5 60—~ 00 OO0 00— 00 OO0 0O — O O
O vMror T WTOTOYT 5 O O — 0O O O O 00 — 000 OO0 0 — O O O
<% ol¥ oy olx olx o+ o« OO  — O 0O 00O ©OO — O OO o OO — o o o o
o volvovovovoY 5 . 5 60 000 O — O 0000 O — 000 0O o
v ox Jlvavavoavoay — 5 0 0 O O O _.| O O O O O O_ — O O O O O O,
L 1
olr olv olv Y|v olv olv o« Il U U
L | —_ - —°
Il
°
O

Hence, by using the same method, the polycyclic
presentation of (7) is established as in the following:

Q, (6) =
(6)

the

polycyclic presentation of (5) is established asin (6):

C2‘<

same method,

by using the

Therefore,

> (8)
h

I5

-1

(—

. - =" T o =~
- = Te ToTeo -2 2 72
7 — — 1~ _» =
S R I I i
s O~ YN Um
CQC == = =" 0« gw ==V
I Q. TeoTL, - 3 - .=
N as O TS T S e e
o & o o oy Vi
o % [T

L = a_ o 90 4
> O Tw — Qo ="42%¥ 06 0o .
O L 0Ty 510 % B A
Il [ 2
« o o Mowmowowowow 2
O O O - %o %o 3~ 30 20 O

-0

Im3

IIAy

,nld

I12

Q

Ke}

O

-1
,
1
l,,
-1
L .

6
.
)

<~ = Ry 1l
— T. I
Lo =" |
T L3 o Qo o~ o~
Te Lo =& o 2 = Lo %
= Y L
RN} ﬂ I e =
T T —
O « 1l o te av Tm T ~O
I g, & oo T Vi
QO LI e Leg, 2 =
w o L Q_u N —_
Lax Dby N T b e TV
N To = < —
T O T o 2N =0 T o o .
Lo Lo = N Ly =0 T = =S
O 0 O 157070 = =T -+ A
IR —- = =2
I oo Mo S
& o o 0w o)
0 0 0 e 2000 % 0090 = O
—~°
I-/.J
IN
Inlé
IMA
O
Ke)
[¢]

All polycyclic presentations of the torsion free space

group with quaternion point group have been
computed. These presentations must be shown to be

consistent before the nonabelian tensor square of

the group can be computed.
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4.0 CONCLUSION

In this paper, the polycyclic presentations of all four
torsion free space groups of dimension six with
quaternion point group of order eight, denoted as

Q,(6), where n=1,2,3 and 4 have been computed

with the assistance of GAP software. These polycyclic
presentations are needed in finding the nonabelian
tensor squares of these groups.
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