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Graphical abstract Abstract

This study presents a mathematical model for wastewater treatment process (WWTP)
of an oxidation pond. The model permits investigating the effects of a biological-
based product called mPHO on the degradation of contaminants as well as increase
the amount of dissolved oxygen (DO) in the pond. At this aim, an ordinary differential
equation with coupled equations has been developed to study the correlation
between the amount of bacteria (phototrophic and Coliform), chemical oxygen
demand (COD), and dissolved oxygen (DO) existing in the pond. The mathematical
model is employed to simulate the behaviour of the system where the numerical
T S R U g— results demonstrate that the proposed model gives a good approximation of the

intferaction processes that occur naturally between biological and chemical
Phototrophic Bacteria substances involved in the pond
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Abstrak

Kajian ini mengemukakan satu model matematik untuk proses rawatan air kumbahan
dalam kolam pengoksidaan. Model yang dibentangkan adalah untuk mengkaiji
kesan produk berasaskan biologi yang dinamakan mPHO terhadap penurunan
bahan tercemar dan meningkatkan jumlah oksigen terlarut di dalam kolam.
Persamaan pembezaan biasa yang berkait telah dibangunkan unfuk mengkaiji
hubungkait antara jumlah bakteria (phototrophic dan Coliform ), jumlah oksigen

Ureaetin! unfuk bahan kimia (COD), dan oksigen terlarut (DO) di dalam kolam. Model
COD Concentration matematik digunakan untuk mensimulasikan sistem di mana keputusan berangka
menunjukkan model yang dicadangkan memberikan anggaran yang baik daripada
proses interaksi yang berlaku secara semula jadi antara biologi dan bahan kimia yang
terlibat di dalam kolam.

Kata kunci: Model matematik; Proses air kumbahan
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1.0 INTRODUCTION

There is a lot of waste being produced every day as a
result of human activities. Wastewater can be classified
info several types including industrial waste, municipal
waste, food waste, sewage from houses and industries.
This kind of waste must be carefully treated to ensure
that there would be no harm to human being and the
environment. Severe pollution has become our main
concern of producing a mathematical model that can
help the preservation and conservation of environment
to run smoothly and to help the development of human
capital. The execution of wastewater treatment
process depends on symbiotic relationships of
biological organism found in the system. Therefore, one
needs to carefully understand the ecological system to
build a deeper understanding and later to construct
the so-called symbiotic relationship and function
related to wastewater treatment process.!-3

Various types of wastewater treatment have been
generated to ensure that good quality of water can be
provided. One of the most widely used treatment
process for medium size communities is oxidation pond
technique.# The construction and maintenance cost of
this treatment is inexpensive compared to other
perceived freatment systems. The core procedure of an
oxidation pond freatment process is that the
contaminants and organic matter are degraded either
in anaerobic or aerobic reaction. At each stage,
existing microorganisms are used fo breakdown either
organic or inorganic substances of influent and reduce
organic material to other forms (carbon dioxide, water,
and cell biomass).

The wastewater treatment plant in this study is
located at Taman Timor oxidation pond (see Fig. 1 and
Fig. 2) near UTM Johor Bahru, estimated about 1,909
square metres and about 1.5 metresin depth, 54 metres
long and about 2,864.13 cubic metres of total volume
of water. To enhance the effectiveness of oxidation
pond technique, a biological-based product mPHO
(see Fig. 4) has been added regularly within three
months period of study. Samples were collected at two
poinfs, which are CP1 (influent and application of
mPHO) and CP2 (effluent) (see Fig. 3). Comparison of
data taken at both points CP1 and CP2 have shown
that mPHO has a good effect in reducing the
concenfration of COD and pollutant  while
phototrophic  bacteria and dissolved oxygen
concenfration was increased.

Previous studies that have been done in wastewater
freatment process are basically on a freatment to
improve water in terms of quality and also to minimise
the construction cost.>¢ However, we want to
emphasise the use of mathematical models to build
substantial relationship between parameters
considered in this study.

Figure 1 Physical condition of oxidation pond at Taman Timor,
Johor

Figure 2 The aerial view of the oxidation pond at Taman Timor,
Johor

pond

Figure 4 The biological-based product (mPHO)
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2.0 LITERATURE REVIEW

Mathematical modelling in solving actual problems has
been developed quite a long time ago. One of the
issues of concern is to scrutinise the quality of water
accessible in rivers and stabilisation ponds. One of the
earliest mathematical modellings of water quality was
developed by Streeter and Phelps around 1925 to study
the relationship between biological oxygen demand
(BOD) and dissolved oxygen (DO) on the River Cam,
Eastern England.” This model explains how BOD and DO
can vary along with time observed.

Many studies have been conducted to predict the
effluent quality of river and stabilisation ponds.7-10
Model developed by Streeter and Phelps has been
frequently used as a reference, while ordinary
differential equations became the basis in building
initial equation relating to each parameter. Through this
model, significant relationship between parameters
involved in the ecosystem is obtained, for instance,
pollutant against DO, algae against DO, and bacterial
against algae.

There are also other mathematical models being
developed for a specific problem that occurs in a given
locality. For instance, a study on Tha Chinriver sfream in
Thailand that considered the effects of substances
contaminated with dissolved oxygen.? This study
proposed the model of two-dimensional coupled
advection-dispersion equations for both state variables,
respectively. The relationship between state variables
used by taking info account the interactions that occur
between materials contaminated with oxygen will
produce harmful substances. In  this model,
contamination and oxygen concenfration is just
permitted fo fluctuate along the length of the stream
and they were dealt as homogeneous over the cross-
segment of the river subject to Dobbin's criterion.10 For
simplification, the model is reduced to steady state
solutions and then solved analytically for simple cases.
Apart from that, there are also studies to develop
mathematical model to predict the specific growth
rate and biomass concentration of the microbes in
wastewater freatment.!! This finding presents Michaelis-
Menten term in the hypothesis of growth model
considering the growth rate of enzymatic will take the
same form. In biochemistry, Michaelis-Menten term
expressions can be considered as one of the best-
known models for enzyme kinetfics. It is associated with
German biochemist Leonor Michaelis and Canadian
physician Maud Menten. The model describes the rate
of enzymatic reactions by relating the reaction rate v
with substrate S by the formula

Vi [S]
K, +[S]
where V__ isthe maximum rate attained by the system

that can be called as saturating substrate
concentrations. The Michaelis constant K is the

substrate concentration that take the half value of V.
. There are also other ecological study that develops

the mathematical model consists of only DO and BOD.5
A Beck modified Khanna Bhutiani model (BMKB model)
has been developed to study the coexisting interaction
that occurs between DO and BOD. The study of
wastewater took place at river Suswa, India. The results
were achieved by computing DO divided by BOD of
the same upstream in the past season, which remains a
single output solution. The model has been proved by
the water quality information of the samples gathered
from river Suswa in various seasons.

A more complex model has been also considered
that discussed the variations of COD, DO, ammonia,
phosphorus, bacteria and algae concentrations with
time and the dimensions of the pond.1215 This model
predicts the correlation between those
aforementioned variables at the effluent to measure
the quality of the stabilisation pond (natural pond). A
two-dimensional hydraulic model has been employed
considering the dispersed flow and diffusion in
horizontal and vertical directions, respectively. The pilot
scale of this model focused around the accumulated
data from a full-scale lake in Turkey. The model can be
utilised for redesigning new outline of the lakes, thus
enhancing the pro-fluent nature of existing lakes.

Although many studies have been generated
related to wastewater and environment, there are sill
less results stated the comparison between simulation
results and fields data.'¢8 This might happened
because of the difficulty in having a reliable data to be
used in the simulation procedure. This is the purpose of
our study, fo use the experimental data as the basis,
and comparing the results simulated by a
mathematical model.

3.0 MATHEMATICAL MODEL

We modelled the wastewater treatment process using
a system of ordinary differential equations, which is the
first order ODE with coupled-equation: 1-3.19-22

The variables and parameters used in  this
mathematical model are as follows:

M(t) is the concentration of PSB in the pond

(mg/liter) where t varies from initial time up to 70

days.

P(t) is the concentration of microbes (Coliform) in

the pond (mg/liter).

D(t) is the concentrafion of chemical oxygen

demand in the pond (mg/liter).

X(t) is the concentration of dissolved oxygen in the

pond (mg/liter).

m is the concentration of PSB in one liter of mPHO

(mg/liter).

U(t) is the amount of mPHO applied to the pond

according to the JBMI schedule per liter in 70 days.

Po is the concentration of microbes (Coliform) at

CP1 (mg/liter).

Do is the concentration of chemical oxygen

demand at CP1 (mg/liter).

Xo is the concentration of dissolved oxygen at CP1
(mg/liter).
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Xatm is the saturated oxygen concentration=10

mg/liter.

vs is the average amount of sewage coming in
(liter/day).

vp is the volume of the pond in liter.

c1 to ci9 are constants determined by parameter

estimations based on the experimental data at

CP2.

Our model is composed of four coupled equations.
These equations were accounted for the evolution of
four state variables concentration (pollutant, DO, COD
and PSB) with fime dependent. The rates of change of
the concentration with time f, 0<t<70 are expressed
as

AP _ (¢, —c,P1) — c,M®)P(®) + S XOPO
dt X (t) + ¢
N v, P, (1)
Vp
MO _ ¢, — ;M@ — e, PayM @ + 22 OMO )
dt X (t) + Co
N Cy, vV, mU (1)
Vo
dD(t c, X(@)D@t) V. D (t
Lo(0) =—C,,D(t) - C,M ()D(t) + — ®De 4= 40 3)
dt D(t) + Cyg v,
dX (t)
T =C, (X, — X (1) — ¢, XM (t) —c X (t)P(t) 4

V., X, (@)
—c X ()D(t) + ——>— .

Vv
p

3.1 Parameter Estimation

The parameters of the proposed model can be
estimated using a set of data collected through
sampling from the pond in 70 days. The corresponding
graphs of these data shown in Figure 5 to 8. Based on
the given data, we want to determine the unknown
parameters in equations (1-4) by the solution of
parameter estimation problem. Then, a derivative-free
opfimisation algorithm is employed to estimate the
optimum value of the parametersC, C,,...,Cq. A

random value for each parameter is initially generated,
where the cost function of this problem can be
formulated as follows,

F(Gyrom Cyy) :i|P(tl)— P(t)| + .122:|M(t')_ M) )

[ 10
+ i|D(tl) -7 )|+ LX) - X ).

Here P*(t) is the amount of pollutant measured at

CP2 af time t, explanation  goes
for M*, D*and X *.This cost function has to be a

minimised subject to the mathematical model, which
has been described in Section 3.1. The current schedule
of mPHO gives us the following parameters for the
problem. These procedures were iteratively repeated
until some acceptable values for the parameters are
obtained. After performing the aforementioned
optimisation process, the following values for the
parameters are shown in Table 1.

similar

Table 1 The parameters of the proposed model based on the
data given

c1=0.018335 c11=0.000056
c2=0.021041 c12=0.198528
c3=0.024755 c13=0.014884
c4 =0.018643 c14 =0.025081
c5 =0.012740 c15=0.018056
c6=0.012418 cl16=0.015532
c/ =0.026238 c17 =0.025985
c8=0.028729 c18=0.015218
c9=0.018214 c19=0.000853
cl0=0.018177
I
- C®
% 5
° .
[} 10 20 30 40 50 60 70
Time(day)
Figure 5 The dynamics of pollutant (Coliform) at point
CP1 and CP2
600
400 F

CODmg/L)
w
8
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Figure 6 The dynamics of COD and point CP1 and CP2
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Figure 7 The dynamics of DO at point CP1 and CP2
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Figure 8 The dynamics of PSB at point CP1 and CP2

4.0 NUMERICAL SIMULATION

Using the above parameters, we simulate the
mathematical model to obtain the results depicted in
Fig. 9 to Fig. 12. Fig. 9 is the graph of concentration of
Coliform in the pond, which shows that the solution of
pollutant from the model has almost followed every
data from CP2 except for the peak data at day 49. Fig.
10 describes the variation of PSB in mPHO that shows the
concenfration of PSB that keep increasing until day 40,
when it starts to decrease until the end of freatment
period.

Fig. 11 is the graph of dissolved oxygen with respect
fo fime t. As can be seen, the amount of oxygen in the
pond increased as time increases. This figure shows that
the amount of oxygen is always higher than the amount
of dissolved oxygen at CP2 until day 40 when it starts to
decrease. Fig. 12 shows the amount of COD in the pond
with respect to time t. This figure shows that the values
of COD are always lower than at the point CP2 except
for the time interval between 12 to 29. These values also
decreased with some fluctuation along with fime.

20}
= Data
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B
S
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S 10F
2

0.5

0.0 ¥ "

0 10 20 30 40 30 60 70

Tims(day)

Figure 9 The dynamics of pollutant (Coliform) from simulation
and point CP2
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Figure 10 The dynamics of PSB from simulation and point CP2
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Figure 11 The dynamics of COD from simulation and at point
CP2
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Figure 12 The dynamics of DO from simulation and at point CP2
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5.0 CONCLUSION

In this study, a mathematical model for wastewater
freatment process of the oxidafion pond has been
developed and using real data a set of optimum
parameters were obtfained for this model. These
parameters were used fo simulate the model where the
numerical results showed that the model can predict
the behaviour of the microorganisms involved in the
pond. This mathematical model has showed the
effectiveness of mPHO in improving water quality of
oxidation pond.
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