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Graphical abstract Abstract
In this study, sixth-order boundary value problems for linear and nonlinear differential
equations have been solved by using Differentfial Transformation Method (DTM). The
numerical solutions are given in several examples. For each example, the solution given by
73500 \ DTM is compared with the exact solution. Absolute relative error (ARE) for each iteratfion
—-— / can be computed. Therefore, the maximum absolute relative error (MARE) of the DTM can
Lty S \ be obtained. To show that the solution given by the DTM has higher level of accuracy, the
) Y Y y absolute relative error of the DTM has been compared with the other methods such as
[~ o —uon Ve Adomian decomposition method with Green’s function, modified decomposition method
(MDM), homotopy perturbation method (HPM), Variational Iteration Method (VIM) and
Quintic B-Spline Collocation Method. Comparison graphs are given at the end of this
paper. The obtained result shows that the proposed method is able to provide better
approximation in ferm of accuracy.
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1.0 INTRODUCTION

We consider the following sixth-order boundary value
problems of the form [1]

y©O(x) +1(x)yx) =pkx), a<x<b,

y(a) = aO! }’(b) = al
y'(a) =y, y'(b) =y,
y'"(a) = &, y"(b) =6,

where functions f(x) and g(x) are continuous on
interval [a, b] while a_i,y_iand 6&_i, i=0,1 are finite real
constants.

In 1986, the idea of differential fransformation
method (DTM) in solving inifial value problems (IVPs)
of linear and nonlinear differential equations arisen

from an electric circuit analysis was proposed by
Zhou [2]. In recent years, DTM has been applied
successfully to many problems in linear and nonlinear
boundary value problems and initial value problems,
for examples, see Yaghoobi and Tarobi [3], Othman
and Mahdy [4], Keskin and Oturanc [5] Smarda et al.
[6] and V.S. Erturk et al. [7].

This fransformation technique acts as a useful fool
to obtain analytical solutions of differential equations
which is based on Taylor series expansion. In this
method, we constructed the analytical solution in the
form of polynomial. The DTM provides higher order of
accuracy and approximates to exact solutions which
are differentiable. However, the DTM is different from
fraditional high order Taylor series since it needs more
computations for the derivatives functions, Odibat et
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al. [8]. DTM can also be applied to high order
differential equations therefore, it is an alternative
way to get Taylor series solution for the given
differential equations for examples, see Hussin et al.
[?], Hussin and Kilicman [10], Hussin and Kilicman [11],
Hussin and Kilicman [12], Husin et al. [13,14] and
Kilicman and Oltun [15] .

In this paper, we solved sixth-order boundary
value problems by DTM and found the maximum
error of each method. Then we compared the results
of DTM with other methods.

2.0 DIFFERENTIAL
METHOD

TRANSFORMATION

The following fundamental definitions of differential
fransformation method are introduced:

Definition 1 The function y(x) for the r-th derivative of
one dimensional differential tfransform is defined as
follows:

11d"y(x
va) =L y(r ) ’
il odx” ly—y,

1

where Y (r) is the transformed function and y(x) is the
original function.

Definition 2 The differential fransform of inverse
function Y (r) is infroduced by:

y() = ) (= x) V() @
k=0
The substitution of equation (1) into equation (2)
yields the following equation:

[ee]

1
Y@ =) @-x0)

r!

d"y(x)
dx”

3

r=0 x=xq

where the equation (3) is the Taylor series of y(x) at
x = x,. The following basic operations of differential
fransformation can be deduced from equations (1)
and (2) . see [2, 3, 4, 5]:

Theorem 1 Original function y(x) = q(x) + p(x), then,
Y(r) = Q(r) £ P(r).

Theorem 2 Original function y(x) = aq(x),then,
Y(r) = aQ(r).

Theorem 3 Original function y(x) = dz—i") then,
Y(r) = (+1)Qr+1).

Theorem 4 Original function y(x) = % then,
Y(r) = (r+ D(r+2)Q(r + 2).

.. . dPq(x)
Theorem 5 Original function y(x) = o then,

Y(@r)=(C+1D(+2) (r+b)Q(r+b).
Theorem 6 Original function y(x) = q(x)p(x) then,

Y(r) = Z;OP(I)Q(r —.

Theorem 7 Original function y(x) = x? then
Y(r) = 6(r — b) where,
1, ifr=b

§(r—b) Z{o, ifr b

Theorem 8 Original function y(x) = exp(Ax) then,
Yo =2,

Theorem 9 Original function y(x) = (1 + x)® then,
Y(r) = b(b—1)~~r~l(b—r+1).
Theorem 10 Original function y(x) = sin(jx + o) then,
(T
Y(r) = S sin ( >+ a).
Theorem 11 Original function y(x) = cos(jx + a) then,
Y(r) = ]r—rlcos (? + a).

The following theorem was proved in Hussin et al. [?].

Theorem 12 The linear differential equation boundary
value  problems  y™(x) = y(x) + [ag + a;x + a,x% +

azx3 + -+ apx™]eX for general differential
fransformation is given by
. m r 50— 1)
- o (N TY
Y(n+n) = (n+1)! Y + r! + Z 3 (1_0 (r— l)!>”'

forintegern = 1.

The next two theorems were given in Hussin and
Kilicman[10,11] respectively.

Theorem 13 Let y(x) is fransformable, then the solution
to the high order differential equation y®™(x) =

e‘xyi(x) is given by

Y(r +n)
|| | (G| = o2s.
_ NG-1) '
; -|r-!n)' L ((—;)f) N
N5 '

Theorem 14 The general differential fransformation for
nonlinear nth-order boundary value problems,
y™(x) = e ¥y™(x), is given by
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r!
Y(n+r) = m

555

I'm=0rp-4=0 1r;=0

Y(r— rm)>‘

More details on the DTM proofs are available in
Odibat et al. [8], Hussin et al. [?], and Hussin and
Kilicman [10, 11].

m
[T
i=2

—TIi-1)

3.0 NUMERICAL EXAMPLES

By applying the theorems in the paper in Odibat et al.
[8], Hussin et al. [?], and Hussin and Kilicman [10,11],
we provided several examples for sixth-order
boundary value problems which would be solved by
DTM, MDM, HPM, Adomian decomposition method
with Green’s function, VIM and Quintic B-Spline
Collocation Method.

Example 1.Consider solving the following linear
sixth-order boundary value problems which was also
solved by Wazwaz [16] by using MDM, Noor and
Mohyudin [17] by using HPM and Waleed Al Hayani
[18] by using Adomian decomposition method with
Green's function

yO@) =y(x) —6e* 0<x<1, 4)
subject to the boundary conditions

y©0) =1, y"(0)=-1, y¥(0) =-3,
y(1) =0, y"(1) = —2e, y(0) = —4e (5)

The exact solutionis y(x) = (1 — x)e*.

Solution:
By applying Theorem 1 and Theorem 8, equation
(4) is transformed into,

k! [Y(r) - %]

Yo +6) =—r75

(6)

Then by applying the boundary conditions in (5) to
equation (1) at point x =0, we obtained the
following transformed boundary conditions :

Y(0)=1Y(1)=4qaY(2) = —%,Y(3) =b,

Y(4) = —é,and Y(5) =c.

' ()

By equation (1),a=y1—(lo)=Y(1),b =y3—l(°)=
(5)

Y(3)andc¢ = ys—,(o) =Y(5).Now we can easily solve

for Y(n) ,n = 6, by using the transformed equation (6)
together with the transformed boundary conditions,.

The values of a,b and ¢ can be evaluated at x =1
from the following system of equations:

12
PRGE
r=0

12

Z r(r— DY) = —2e.

r=0
12

Z r(r— 1D —2)r—-3)Y({) = —4e.

r=0

The solution of this algebraic system gives a =
—6.665x 107,b = —0.3333323607 and ¢ =
—0.03333364136. Finally, the series solution can be
formed by applying the inverse transformation in
Definition 2 up fo N = 12, given as follows :

y(x) = 1—6.665x 1077x — 0.5x2 — 0.3333323607x3 —
0.125x* — 0.03333364136x° —
0.006944444444x% — 0.001190476322x7 —
0.0001736111111x% — 0.2204583929 X
107*x° — 0.248015873 x 10~ 5x10 —
2.5052200981 x 107 7x11 — 2.296443269 x
1078x12,

Example 2 Next, we consider in solving the
following linear sixth-order BVP of DTM, problems
which were also solved by K.N.S.K Viswanadham and
Y.S. Raju[19].

y©x) =-Q4+11x+x3e*, 0<x<1 (N

subjects to the boundary conditions
y(0) =0,y"(0) = 0,y*®(0) = -8,
y(l) = 0:}”(1) = _e;}’”(l) = —4e (8)

The analytical solution is y(x) = x(1 — x)e”*.

Solution:

By using Theorem 12, equation (7) is transformed
info

_r [ 2 ;o 8U-DY _ (vr 81-3)) _
Y(r+6)_(r+6)![ 7l 11( =0 (r—l)!) (120 (r—l)!)

N{OLIGEN] ©)

On applying the boundary conditions in (8) fo
equation (1) at x = 0,then the following transformed
boundary conditions can be obtained:

Y(0)=0Y(1D)=1Y2)=0,YB)=a,Y4)=b
and Y(5) =c.

We can easily solve for Y(n),n =6 by using the
fransformed equation (9) together with the
fransformed boundary conditions. The values of a
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and b can be evaluated at x = 1 from the following
system of equations:

12

Zr(r —1DY(r) = —4e.

r=0

The solufion of this system gives a=
—0.49976329 ,b = —0.334029,¢c = 0.12439903.

Finally, the series solution can be formed by
applying the inverse transformation in Definition 2 up
to N =11, given as follows:

y(x) = x — 0.499763297x3 — 0.334029005x* —
0.124399035x° — 0.03333333333x° —
0.007142857143x7 — 0.001140873016x8 —
0.1653478291 x 107 3x° — 2.314354715 x
1075x10 — 3.108268093 x 107 6x11,

Example 3 Then we consider in solving the following
nonlinear sixth-order BVP of DTM, which was also
solved by Wazwaz [16] by using ADM, Noor and
Mohyuddin [17] by using HPM and M. A. Noor ef al.
[20] by using VIM

y®x) =e*y?(x) 0<x<1 (10)
subjects fo the boundary conditions

y(0) =1,y'(0) = -1,y"(0) = 1,y(1) =e7?,
Yy = —eLy'(1)=—-e1(11)

The exact solution is y(x) = e*.
Solution:

By using Theorem 1and Theorem 8, equation (10) is
fransformed into:

i[5 (2ho, =220y
(r+6)!

Y(r+6) = (12)

On applying the boundary conditions in equation
(11) to equation (1) at x=0,then the following
transformed boundary conditions can be

Y(0)=1,Y(1) = -1,Y(2) = %,YG) =aq,
Y(4) = b,Y(5) = c.

"o @) o
Ma=22=v@3E), b»=2"1=

By equation m

)
Y(4)andc = ys—l(o) =Y (5). Now we can easily solve for

Y(n),n = 6by using the fransformed equation (12)
together with the transformed boundary conditions.
The values of a,b and ¢ can be evaluated af x =1
from the following system of equations:

12
Z Y(r)=e"?,
r=0

12

Z rY(r) = —e7t,

r=0
12

Z rr—1D)Y(@)=e 1.

r=0

Finally, the series solution can be formed by
applying the inverse transformation in Definition 2 up
tfo N = 12, given as follows:

y(x) = 1—x+0.5x% — 0.1666666719x3 +
.04166667673x* — 0.008333340572x°> +
0.001388888889x° — 0.000198412698x” + 2.48015873 X
1075x8 — 2.755732096 x 107 %x° + 2.755733254 X
1077x10 — 2,50521519 x 10~5x* + 2.08767569 x 10~ °x12,

4.0 RESULTS AND DISCUSSIONS

Numerical results and numerical comparisons for
Example 1, Example 2 and Example 3 which are
presented in Table 1, Table 2 and Table 3 for DTM
error at each point respectively. We note that

|yexact solution — YDTMl

Absolute Relative Error (ARE) =

|yexact solutionl

For Example 1, the maximum absolute relative
error (MARE) of DIM, Adomian decomposifion

method with Green's function, MDM and HPM are in
Table 1(B) for N = 12. Then for Example 2, the MARE
for DTM and b-spline are in Table 2(B) forN = 12.
Finally for Example 3, the MARE of DTM, MDM, VIM
and HPM are in Table 3(B) for N = 11. The DTM has the
smallest MARE for each example which are 3.06 x
10~ 7at point 0.7, 8.946 x 10~¢ at point 0.4 and 6.8 X
10=° at point 1.0 for Example 1, Example 2 and
Example 3 respectively. We can see the error DTM
was very small compared to the other methods.
Besides that the DTM was also efficient since we
could solve the problems easily. The error of the DTM
was very small for each example rather than other
methods.

Figure 1 represents the error comparison for
Example 1 while Figure 2 shows the error comparison
for Example 2. Lastly, Figure 3 shows the error
comparison for Example 3.
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Table (1a) Numerical Results for Example 1

X Exact DTM solution Error of ARE DTM
solution DTM
0.0 1 1 0 0
0.1 0.9946537607 0.9946538264  4.57x 1078 6.605313586 x 1078
0.2 09771220810 0.9771222066 1.256 x 1077 1.285407448 x 1077
0.3 0.9449009909 0.9449011653  1.744x 1077  1.845696022 x 107
0.4 0.8950946110 0.8950948186 2.076 X 10~7 2319307898 x 10~7
0.5 0.8243604141 0.8243606353 2.212x 1077 2471247143 x 1077
0.6 0.7288473064 0.7288475202 2.138x 1077 2.933399056x 1077
0.7 0.6041256276 0.6041258124 1.848 x 1077 3.058966406 x 1077
0.8 0.4451080497 0.4451081859 1.362 x 1077 3.059931181 x 1077
0.9 0.2459602389 0.2459603116  7.27 x 1077 2.955762294 x 1077
Table (1b) MARE in Example 1
DTM ADM Green'’s MDM and HPM
function
3.06 x 1077 1.73x107° 1.77 x 1073

5.0 CONCLUSION

The findings of this study showed that they ARE of
DTM was very small and this indicates that DTM is very
accurate in solving boundary value problems and it is
very efficient since we can solve boundary value
problems easily with a low cost. Besides that, the
MARE of DTM was the smallest compared to other

methods. The DTM is the most accurate method
compared to Adomian decomposition method with
Green'’s function, HPM, VIM, b-spline method and
MDM. Therefore, we can conclude that DTM method
is very successful and powerful in numerical solutions
of sixth order boundary value problems to solve these
kinds of problems. The examples were computed by
using Maple 13.

Table (2a) Numerical Results for Example 2

X Exact solution DTM solution Error of ARE DTM
DTM

0.1 0.09946538264 0.09946555576 1.7312 x 1077 1.74050504 x
0.2 0.1954244414  0.1954254118 106

9.704 x 1077 496560201 x

106
0.3 0.2834703496  0.2834725260  2.1764 x 10~° 7.67769893 x 10~°
0.4 0.3580379276 0.3580411307  3.2031x 107° 8.94625891 x 10~°
0.5 0.4121803178  0.4121838649  3.5471x 107 8.6056996 x 10~°
0.6 0.4373085127  0.4373115657 3.0530 x 10~ 6.98134134 x 10~°
0.7 0.4228880724  0.4228900442 1.9718 x 107 4,66269949 x 1076
0.8 0.3560865671 0.3560873854 8.183x 1077 2.2980367 x 107
0.9 0.2213643571 0.2213644211 6.40x 1078 2.891161018 x
10~7

Table (2b) MARE in Example 2

DTM

B-SPLINE

8.946 x 107°

1.786 x 10~°
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Table (3a) Numerical Results for Example

X Exact DTM solution Error of ARE DTM
solution DTM
0.0 1 1 0 0
0.1 0.9048374181 0.9048374181 0 0
0.2 0.8187307532 0.8187307531 1.0 x 10710 1.221402758 x 1010
0.3 0.7408182206 0.7408182206 0 0
0.4 0.6703200461 0.6703200459 2.0 x 10~10 2.983649394 x 10~10
0.5 0.6065306598 0.6065306595 3.0x 10710 494616381 x 10710
0.6 0.54881163 0.5488116357 4,0 x 10710 7.2884752x 10710
61
0.7 0.4965853039 0.4965853032 7.0 x 10710 1.409626895 x 10~°
0.8 0.44932896 0.4493289631 8.0 x 10710 1.780432744 x 10~°
0.9 39 0.4065696583 1.5x107° 3.689404666 x 10~°
0.40656965
98
1.0 0.36787944 0.3678794389 2.5x107° 6.795704568 x 10~°
14
Table (3b) MARE in Example 3
DTM MDM VIM HPM
6.8x107° 1.0532 x 107> 1.0534 x 1075 1.0534 x 1075
4
0.0004 0000015 1
0.0003 4
0000010 1
Fix) 00002 i)
0000003 1
0.0001 4 .t
+ +
" ™ ~ N s ray s ’
EI‘ D N ? N T N T N T N T N T N T N f N ?
0 01 02 03 04 05 06 07 08 09 001 02 03 04 05 06 07 0% 09
X
¥
= DTM ¢ HPMANDMDM ;
ADMereenfinction ¢ DT bSp]me‘

Figure 1 Error comparison for Example 1
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Figure 3 Error comparison for Example 3

Figure 2 Error comparison for Example 2

Acknowledgement

We would like to thank University Malaysia Sabah for
supporting our participation and granting us a
scholarship.

References

[1]  Ertuk V. S. 2007. Application of differential transformation
method to linear sixth-order boundary value problems.
Mathematical Sciences. 1(2): 51-58.



(2]

(3]

(5]

6]

(7]

(8]

[10]

(]

Che Haziqah Che Hussin et al. / Jurnal Teknologi (Sciences & Engineering) 78:6-4 (2016) 13-19

Zhou, J. K. 1986. Differential Transformation and Its
Applications For Electrical Circuits. Wuhan, China:
Huarjung University Press.

Yaghoobi, H. and Torabi, M. 2011. The Application Of
Differential Transformation Method To Nonlinear Equations
Arising In Heat Transfer. International Communications in
Heat and Mass Transfer. 38: 815-820.

Othman, M. I. A. and Mahdy, A. M. S. 2010. Differential
Transformation Method And Variation lteration Method
For Cauchy Reaction-Diffusion Problems. The Journal of
Mathematics and Computer Science. 1(2): 61-75.

Keskin, Y. and Oturanc, G. 2010. Reduced Differential
Transform Method For Solving Linear And Nonlinear Wave
Equations. Iranian Journal of Science & Technology.
34(A2): 113-122.

Smarda, Z., Diblik, J. and Khan, Y. 2013. Extension Of The
Differenfial  Transformatfion Method To  Nonlinear
Differential  Transformation Method To  Nonlinear
Differential And Integro-Differential Equations  With
Proportional Delays. Advances in Difference Equations. 69.

Erturk, V. S., Odibat, Z. M. and Momani, S. 2012. The Multi-
Step Differential Transform Method And Its Application To
Determine The Solutions Of Nonlinear Oscillators.
Advances in Applied Mathematics and Mechanics. 4(4):
422-438.

Odibat, Z. M., Bertelleb, C., Aziz-Aloouic, M. A. and
Duchamp, G. H. E. 2010. A Multi-Step Differential Transform
Method And Application Tonon-Chaotic Or Chaotic
Systems. Computer and Mathematics with Applications.
59:1462-1472.

Hussin, C. H. C., Kilicman, A. and Mandangan, A. 2010.
General Differential Transformation Method For Higher
Order Of Linear Boundary Value Problems. Borneo
Science Journal. 27: 35-46.

Hussin, C. H. C. and Kilicman, A. 2011. On The Solutions Of
Nonlinear Higher-Order Boundary Value Problems By Using
Differenfial  Transformation Method And Adomian
Decomposition Method. Hindawi Publishing Corporation
Mathematical Problems in Engineering.

Hussin, C. H. C. and Kilicman, A. 2011. On The Solution Of
Fractional Order Nonlinear Boundary Value Problems By
Using Differential Transformation Method. European
Journal of Pure and Applied Mathematics. 4(2): 174-185.

(2]

[13]

[14]

[15]

[16]

(7]

(8]

[19]

[20]

Hussin, C. H. C. and Kilicman, A. 2013. Solving System of
Linear Differential Equations by Using Differential
Transformation Method. Proceedings of the 20th National
Symposium on Mathematical Sciences, AIP Conference
Proceedings 1522, Putrajaya, Malaysia. 18-20 December
2012. 245-250.

Hussin, C. H. C., Kilicman, A. and Mandangan, A. 2014.
Comparing Linear and Nonlinear Differential Equations of
Differential Transformation Method by Other Numerical
Methods. Proceedings of the 3rd International
Conference on Mathematical Sciences, AIP Conference
Proceedings 1602, Kuala Lumpur, Malaysia. 17-19
December 2013. 43-49.

Hussin, C. H. C. and Mandangan, A. 2014. Solving Eight-
order Boundary Value Problems Using Differential
Transformation Method. Proceedings of the International
Conference on Quantitative  Sciences and fs
Applications,  AIP  Conference  Proceedings 1635,
Langkawi, Malaysia.12-14 August 2014. 99-106.

Kilicman, A. and Altun, O. 2012. On The Solution Of Some
Boundary Value Problems By Using Differential
Transformation Method With Convolution Terms. Journal of
the Franklin Institute. 26(5): 917-928.

Wazwaz, A. M. 2001. The Numerical Solution Of Sixth-Order
Boundary Value Problems By The Modified Decomposition
Method. Applied Mathematics and Computation. 118:
311-325.

Noor, M. A. and Mohyudin, S. T. 2008. Homotopy
Perturbation Method For Solving Sixth-Boundary Value
Problems. Computers and Mathematics with Application.
55:2953-2972.

Hayani, W.A. 2011. Adomian Decomposition Method With
Green's Function For Sixth-Order Boundary Value
Problems. Computer and Mathematics with Applications.
61:1567-1575.

Viswanadham, K. N. S. K. and Raju, Y. S. 2012. Quintic B-
Spline Collocation Method For Sixth Order Boundary Value
Problems. Global Journal of Researches in Engineering
Numerical Methods. 12(1).

Noor, M. A. et al. 2009. Variational Ilteration Method For
Solving Sixth-Order Boundary Value Problems. Commun
Nonlinear SciNumerSimulat. 14: 2571-2580.



