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Abstract 
 

Although numerous successful thermoacoustic refrigerators have been reported to date, 

the performance of these systems is still lower than their vapor compression counter parts. 

Optimization is imperative to identify the upper limit of the performance in order to be 

competitive and accepted by the general public. However, optimization methods 

adopted so far, experimentally and numerically, involved discrete variations of the 

selected parameters of interest. This paper presents the results of an optimization using the 

Lagrange Multiplier method, a mathematical approach never used before. The 

simultaneous optimization of the stack length and center position at various design 

temperatures is performed for a standard thermoacoustic refrigerator design. Results show 

similar pattern and trend with previous results with a 24.7% higher stack coefficient of 

performance achievable. This is promising considering that only two of the design 

parameters have been optimized. 

 

Keywords: Thermoacoustic refrigerators; optimization; Lagrange Multiplier method; stack 

length; stack center position 

 

Abstrak 
 

Walaupun banyak kejayaan penyejuk termoakustik telah dilaporkan setakat ini, perlakuan 

sistem ini masih lebih rendah daripada sistem penyejukan mampatan wap. 

Pengoptimuman adalah penting untuk mengenal pasti tahap prestasi tertinggi yang 

boleh dicapai untuk menjadikan sistem kompetitif dan diterima oleh orang ramai. Walau 

bagaimanapun, kaedah pengoptimuman diterima pakai setakat ini, secara eksperimen 

dan engan kaedah berangka, melibatkan perubahan berkalake atas parameter 

berkepentingan yang dipilih. Kertas kerja ini membentangkan keputusan 

pengoptimuman menggunakan kaedah Lagrange Multiplier, pendekatan matematik 

yang belum pernah digunakan setakat ini. Pengoptimuman serentak ke atas panjang 

stack dan kedudukan tengahnya pada pelbagai suhu reka bentuk dilakukan untuk reka 

bentuk peti sejuk termoakustik yang biasa. Keputusan menunjukkan corak dan perlakuan 

yang sama dengan keputusan sebelum ini dengan pekali stack 24.7% lebih tinggi boleh 

diperolehi. Keputusan ini amat memberangsangkan memandangkan hanya dua 

daripada parameter reka bentuk telah dioptimumkan. 

 

Kata kunci: Penyejuk termoakustik; pengoptimuman; kaedah Lagrange Multiplier; 

panjang stack; kedudukan tengah stack 
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1.0 INTRODUCTION 

 
Pressure and displacement oscillations caused by 

acoustic waves are accompanied by temperature 

displacements. Interactions of these oscillating fluid 

particles with a solid boundary generate a temperature 

difference across that boundary. As is what happened 

when one speaks, air particles that move over any solid 

boundary will generate a temperature difference. At 

room temperature and pressure the temperature may 

be negligible, but enclosed within a chamber at high 

pressure the cooling attained at one end of the solid 

wall could be very significant, particularly when the 

oscillations is generated at the resonance frequency of 

the enclosure. The technology associated with this 

phenomenon is the thermoacoustic technology. 

Without the need for any refrigerant and a compressor 

the thermoacoustic refrigerator is environmentally 

friendly and perhaps easier to maintain due to the lack 

of moving parts. Unfortunately, although the first 

successful thermoacoustic cooler has been 

demonstrated about thirty years ago by Hofler [1], the 

first commercial thermoacoustic chiller was only 

completed in 2004 [2]. This was possible at a very high 

cost and with participation by many committed

researchers. However, with global concern over the 

finite resources and deterioration of our environment 

due to hazardous by-products, thermoacoustic 

technology remains as one of the alternatives that 

should be investigated. 

Despite considerable amount of cooling attained 

that has been reported before [3-6], the practical 

application of the thermoacoustic refrigerator is 

hindered primarily by its performance and cost, the 

former of which is being addressed here.  The 

thermoacousticstack, the core of the thermoacoustic 

refrigerator, is where the desired cooling effects 

occur. The coefficient of performance of the stack 

(COPs) sets the upper limit of the entire refrigerator 

performance. Thus, its optimized design has been the 

focus of attention of past researchers [7-16]. Of these 

and many more researches completed, the stack 

geometry, length, center position, and the separation 

gap between the stack walls have been much 

studied. However, optimization techniques 

implemented involved discrete variations of the 

identified parameter(s) of interest over a selected 

range. The so-called optimized parameters are then 

selected from the results after careful graphical 

representation or/and tabulated outcomes are 

available. The authors have yet to come across a 

mathematical optimization tool being used. Thus, this 

paper presents the outcomes of the optimization of 

the COPs of the standing wave thermoacoustic 

refrigerator using the mathematical technique, 

Lagrange Multiplier method. An advantage of this 

method is that the solution is searched for without the 

need to explicitly solve for the constraint functions [17]. 

The variables to be optimized simultaneously are the 

stack length, Ls, and center position, xs, both of which 

are dependent on each other. Hence, a simultaneous 

optimization in this case is advantageous.  

 

 

2.0  DESIGN PARAMETERS 
 

A schematic of the simplest standing wave 

thermoacoustic refrigerator is shown in Figure 1. 

 

 

 
Figure 1 A schematic of the simplest thermoacoustic 

refrigerator. 

 

 

It consists of four sub-systems; resonator, stack, heat 

exchangers (hot and cold), and acoustic driver. Each 

of these sub-systems can be considered as a 

complete independent control volume system. The 

stack, however, is the heart of the system. It is where 

the desired cooling effects are designed for.The COPs 

is given by, 

 

𝐶𝑂𝑃𝑠 = 𝑄𝑐 𝑊𝑠⁄      (1) 

 

The heat absorbed by the cold end of the stack is Qc 

and the acoustic work done on the stack is Ws. They 

are a function of several parameters including the 

thermal boundary layer (k), drive ratio ( D), the stack 

length (Ls) and center position (x), the working gas 

Prandtl number () and specific heat ratio (), drive 

ratio (D), and the blockage ratio (B). The dimensional 

parameters are normalized, the stack length and 

center position by the wave number, k, 

𝑥𝑠𝑛 =  (2𝜋 𝜆⁄ )𝑥𝑠 = 𝑘𝑥𝑠    (2) 

𝐿𝑠𝑛 =  (2𝜋 𝜆⁄ )𝐿𝑠 = 𝑘𝐿𝑠    (3) 

The thermal boundary layer is given by, 

𝛿𝑘 = √(2𝑘 (𝜌𝑚𝑐𝑝𝑤)⁄ )    (4) 

wherew is the circular frequency. Heat transfer 

between the oscillating gas particles occur only within 

this thickness. It is normalized by dividing it by the plate 

half spacing, y0. The cooling load and acoustic work 

are also normalized through division by the product of 

the sound speed in the working gas, the mean 

pressure and stack area, which upon simplifications 

gives [18], 

𝑄𝑐𝑛 = −
𝛿𝑘𝑛𝐷

2𝑠𝑖𝑛(2𝑥𝑛)

8𝛾(1+𝜎)𝛬
(
∆𝑇𝑚𝑛𝑡𝑎𝑛(𝑥𝑛)

(𝛾−1)𝐵𝐿𝑠𝑛

1+√𝜎+𝜎

1+√𝜎
− (1 + √𝜎 −

√𝜎𝛿𝑘𝑛))      (5) 
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𝑊𝑛 =  
𝛿𝑘𝑛𝐿𝑠𝑛𝐷

2(𝛾−1)𝐵𝑐𝑜𝑠(𝑥𝑛)
2

4𝛾
(

∆𝑇𝑚𝑛𝑡𝑎𝑛(𝑥𝑛)

𝐵𝐿𝑠𝑛(𝛾−1)(1+√𝜎)𝛬
− 1) −

𝛿𝑘𝑛𝐿𝑠𝑛𝐷
2√𝜎𝑠𝑖𝑛(𝑥𝑛)

2

4𝛾𝐵𝛬
     (6) 

 

The drive ratio is the ratio of the dynamic pressure to 

the mean design pressure, 

 

𝐷 = 𝑝0 𝑝𝑚⁄      (7) 

 

The blockage ratio is defined by, 

𝐵 =   𝑦𝑜 (𝑦𝑜 + 𝑙𝑜)⁄      (8) 

The normalized temperature difference is given by, 

∆𝑇𝑚𝑛 = ∆𝑇𝑚 𝑇𝑚⁄      (9) 

Where Tm is the design mean temperature and Tm is 

the desired temperature difference across the stack.  

Figure 2 shows some of the most commonly used stack 

design to date with Mylar, a type of polyethylene 

material, being selected due to its low conductivity 

property and large specific heat capacity. At 200K, 

Mylar has the thermal conductivity, k, of 0.144 W/m.K, 

density, m, of 1365 kg/m3 and a heat capacity, cp, of 

740 K/kg.K. These characteristics encourage heat 

transfer between the oscillating gas parcels and the 

solid walls within the thermal boundary layer. Thus, for 

the plate spacing, 2y0, a minimum thickness of two 

times the thermal boundary layer is necessary for the 

desired thermoacoustic cooling to happen. Swift [19] 

recommended a plate spacing of two to four times 

the thermal boundary layers. For this study, a plate 

separation gap of three times the thermal boundary 

layer is chosen. 
 

 

Pin arrays Square platesParallel plates
 

Figure 2 Commonly used stack design. 

 

Although at first look, the pin arrays stack geometry 

seems to generate more thermal boundary layers, it is 

difficult to manufacture such a stack, so is the square 

stack geometry. A theoretical foundation for the 

selection of the geometry is obtained via the 

Rott’sfunction [20], shown here in Figure 1. 

 
 

 
Figure 3 Rott’s function for various stack geometry [21]. 

 
 

In addition to that, the parallel plate stack allows 

about 10 percent more energy flow compared with 

the other geometries under equal conditions [22]. 
 

2.1   Input Parameters 

 

The required cooling load is considered as an input of 

the unit design which is taken to be 4 W for this 

particular study. The working gas is first determined 

since it is easier to design parameters according to the 

physical properties of a fluid rather than finding a fluid 

with prescribed physical properties. These properties 

are assumed constant at the selected design 

temperature which is 200K for the first case. The fluid is 

generally from the inert group due to its high Prandtl 

number – large thermal boundary layer where the 

thermoacoustic effects occur. In addition, the lighter 

gases in the inert group are preferred due to their 

higher sound velocities, the reason helium is often 

used and is used in this study. The design pressure is 

chosen to be 10bar with the drive ratio constrained by 

the maximum force at the acoustic driver and 

acoustic nonlinearities [23]. Here, a drive ratio of 3% is 

chosen [24]. Meanwhile, the stack thickness, 2l0, is 

twice its own thermal penetration depth; a larger 

thickness may induce a temperature gradient across 

its thickness which reduces the thermoacoustic effects 

and consequently the performance of the stack. The 

last of the input parameters for the stack design is its 

hydraulic radius which can be obtained from Figure 3. 

Further details of the arguments for the selection of the 

input parameters can be found in [25]. The design 

temperatures, which are being discretely varied to 

investigate the effects on the simultaneous 

optimization of the stack length and stack center 

position are 200, 250, 300 and 350K. Table 1 lists the 

input parameters for the optimization procedure. 
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Table 1 Selected design parameters for optimization 

 
Mean pressure pm (bar) 10 

Drive ratio D 3% 

Dynamic pressure amplitude p0 (bar) 0.3 

Resonance frequency F(Hz) 400 

Cooling load Qc(W) 4 

The frequency listed in Table 1 is the frequency of the 

acoustic driver that generates the oscillating fluid 

parcels. 

 

2.2   Optimization Procedure 

 

The maximization of the stack coefficient of 

performance (COPs) under optimized conditions of the 

normalized stack length, Lsn = kLs, and normalized 

stack center position, xn = kx, is performed on the 

following Lagrange function, L, 
𝜕𝐿

𝜕𝐗⃗⃗ 
(𝐶𝑂𝑃𝑠(𝐗⃗⃗ ), 𝐘⃗⃗ , 𝛌⃗⃗ ) =  

𝜕𝐶𝑂𝑃𝑠

𝜕𝐗⃗⃗ 
(𝐗⃗⃗ ) + ∑ 𝛌𝑗

𝜕𝐆𝐣(𝐗⃗⃗ ,𝐘⃗⃗ )

𝜕𝐗⃗⃗ 
= 0    7

𝑗=1  (10) 
𝜕𝐿

𝜕𝛌⃗⃗ 
(𝐶𝑂𝑃𝑠(𝐗⃗⃗ ), 𝐘⃗⃗ , 𝛌⃗⃗ ) =  𝐆𝐣(𝐗⃗⃗ , 𝐘⃗⃗ ) =  𝑔𝑗(𝐗⃗⃗ ) + 𝐘⃗⃗ = 0   , 𝑗 =

1,2,… ,7      (11) 
𝜕𝐿

𝜕𝐘⃗⃗ 
(𝐗⃗⃗ , 𝐘⃗⃗ , 𝛌⃗⃗ ) =  2𝜆𝑗𝑦𝑗 = 0       (12) 

with the vectors given by, 

𝐗⃗⃗ = {
𝐿𝑠𝑛
𝑥𝑛
} , 𝛌⃗⃗ =  

{
 
 
 

 
 
 
𝜆1
𝜆2
𝜆3
𝜆4
𝜆5
𝜆6
𝜆7}
 
 
 

 
 
 

   𝑎𝑛𝑑    𝐘⃗⃗ =  

{
 
 
 

 
 
 
𝑦1
2

𝑦2
2

𝑦3
2

𝑦4
2

𝑦5
2

𝑦6
2

𝑦7
2}
 
 
 

 
 
 

  (13) 

The vectors⃗ and𝒀⃗⃗ represent the Lagrange 

multipliers and the slack variables, respectively, while 

𝑮𝒋(𝑿⃗⃗ , 𝒀⃗⃗ ) is the constraint function. These are listed in 

Table 2. 

 
Table 2 The equality and inequality constraint functions 

 

g1(Lsn,xn) Stack plate spacing,2y0=3k 

g2(Lsn,xn) Gas velocity at driver, u0=0 

g3(Lsn,xn) Modified Acoustic Mach no., h1<0.1 

g4(Lsn,xn) Modified Reynolds no.,h2<300 

g5(Lsn,xn) Drive ratio, h3<3% 

g6(Lsn,xn) Modified wavelength, h4>Lsn 

g7(Lsn,xn) Modified wavelength, h5>l0 

 

The inequality constraints, g3 to g7, are given by, 

𝑔3 = ℎ1 + 𝑦3
2     (14) 

𝑔4 = ℎ2 + 𝑦4
2     (15) 

𝑔5 = ℎ3 + 𝑦5
2 (16) 

𝑔6 = ℎ4 + 𝑦6
2     (17) 

𝑔7 = ℎ5 + 𝑦7
2     (18) 

The Lagrange multipliers and stack variables, 

Equations (10) through (18), are then solved with a 

MATLAB program. Further details on the solution 

approach can be found in [25]. 

 

 

 

 

3.0  RESULTS AND DISCUSSION 

 
The relation between the stack coefficient of 

performance (COP) as a function of the optimized 

normalized stack length, Lsn, for different optimized 

normalized stack center position, xsn, inside the 

resonator tube at the selected mean design 

temperature is shown in Figures 3 to 6.  

 

Figure 3 Stack COP as a function ofLsn, at differentxn at the 

mean design temperature 200K. 
 

Figure 4 Stack COP as a function ofLsn, at differentxn at the 

mean design temperature 250K. 
 

 

Figure 5 Stack COP as a function ofLsn at differentxn at the 

mean design temperature 300K. 

 

 
 

Figure 6 Stack COP as a function ofLsn at differentxn at the 

mean design temperature 350K. 
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The pattern and trend show similar behavior at each 

mean design temperature with a maximum value of 

the stack COP for each stack center position. These 

values correspond to the stack center position of λ/20 

from the resonator closed end as recommended by 

Swift [23]. The results show that the value of the stack 

COP decreases as the stack center position increases 

or decreases from the value of λ/20. That means the 

optimal stack coefficient of performance is achieved 

when the stack center position is close to the pressure 

antinode (location of maximum pressure for the 

standing wave within the resonator). This is according 

to the fact that the stack should generally be located 

where the magnitude of the gas velocity amplitude is 

quite small i.e. pressure antinode, to reduce the 

viscous dissipation and therefore improve the 

performance of the stack and entire refrigerator as 

well [19].  

As stated earlier, the stack length and center 

position are dependent on each other, the graphs 

show that for any particular maximum stack location, 

there is a specific stack length where the COPs is a 

maximum. Any length shorter or longer would result in 

a lower COPs. Furthermore, as the stack center position 

moves away from the pressure antinode, several stack 

lengths are available that gives the same COPs. 

Figure 7 compares the optimal value of the stack COPs 

obtained with the optimization using the Lagrange 

Multiplier method against that of Tijani [20]. Both 

curves show similar behavior, increasing gradually with 

the mean design temperature with the optimized COPs 

higher by 24.7% than that of Tijani’s under the same 

operating parameters. This increase indicates the 

influence of the applied optimization technique which 

is promising considering that in this study only two 

parameters have been optimized.  

 

Figure 7 The optimized results and Tijani’s results of the stack 

COP at 75 K temperature difference. 

4.0  CONCLUSION 
 

Optimization of a standing wave thermoacoustic 

refrigerator has been completed using a 

mathematical approach, the Lagrange Multiplier 

method. The approach which has never been utilized 

before for the optimization of a thermoacoustic 

refrigerator showed that optimization of the stack 

center position and stack length results in a 24.7% 

increase in the stack coefficient of performance (COPs) 

compared to a previous similar system. Optimization 

performed for various design temperatures showed 

similar pattern and trend. Among the conclusions that 

can be made are: 

 The maximum COPs is proportional to the 

design temperature and inversely 

proportional to the the stack length. The 

increase in the maximum COP is observed as 

the stack position approaches the resonator 

closed end. 

 The maximum COPs achievable for several 

optimized stack length is the same when the 

position is further from the resonator closed 

end. 

The outcomes of the study have indicated a potential 

in further increments of the stack COPs with more 

design parameters being optimized. 
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